1. Preface 
2. Foundations 
1. Introduction 
2. Use the Language of Algebra 
3. Integers 
4. Fractions 
5. Decimals 
6. Properties of Real Numbers 
3. Factoring 
1. Introduction to Factoring 
. Greatest Common Factor and Factor by Grouping 
. Factor Trinomials 
. Factor Special Products 
. General Strategy for Factoring Polynomials 
. Polynomial Equations 


AuBRWN 


Preface 


Welcome to Intermediate Algebra, an OpenStax resource. This textbook 
was written to increase student access to high-quality learning materials, 
maintaining highest standards of academic rigor at little to no cost. 


About OpenStax 


OpenStax is a nonprofit based at Rice University, and it’s our mission to 
improve student access to education. Our first openly licensed college 
textbook was published in 2012, and our library has since scaled to over 25 
books for college and AP courses used by hundreds of thousands of 
students. Our adaptive learning technology, designed to improve learning 
outcomes through personalized educational paths, is being piloted in 
college courses throughout the country. Through our partnerships with 
philanthropic foundations and our alliance with other educational resource 
organizations, OpenStax is breaking down the most common barriers to 
learning and empowering students and instructors to succeed. 


About OpenStax Resources 


Customization 


Intermediate Algebra is licensed under a Creative Commons Attribution 4.0 
International (CC BY) license, which means that you can distribute, remix, 
and build upon the content, as long as you provide attribution to OpenStax 
and its content contributors. 


Because our books are openly licensed, you are free to use the entire book 
or pick and choose the sections that are most relevant to the needs of your 
course. Feel free to remix the content by assigning your students certain 
chapters and sections in your syllabus, in the order that you prefer. You can 
even provide a direct link in your syllabus to the sections in the web view of 
your book. 


Instructors also have the option of creating a customized version of their 
OpenStax book. The custom version can be made available to students in 
low-cost print or digital form through their campus bookstore. Visit your 
book page on openstax.org for more information. 


Errata 


All OpenStax textbooks undergo a rigorous review process. However, like 
any professional-grade textbook, errors sometimes occur. Since our books 
are web based, we can make updates periodically when deemed 
pedagogically necessary. If you have a correction to suggest, submit it 
through the link on your book page on openstax.org. Subject matter experts 
review all errata suggestions. OpenStax is committed to remaining 
transparent about all updates, so you will also find a list of past errata 
changes on your book page on openstax.org. 


Format 


You can access this textbook for free in web view or PDF through 
openstax.org, and for a low cost in print. 


About Intermediate Algebra 


Intermediate Algebra is designed to meet the scope and sequence 
requirements of a one-semester Intermediate algebra course. The book’s 
organization makes it easy to adapt to a variety of course syllabi. The text 
expands on the fundamental concepts of algebra while addressing the needs 
of students with diverse backgrounds and learning styles. Each topic builds 
upon previously developed material to demonstrate the cohesiveness and 
structure of mathematics. 


Coverage and Scope 


Intermediate Algebra continues the philosophies and pedagogical features 
of Prealgebra and Elementary Algebra, by Lynn Marecek and MaryAnne 
Anthony-Smith. By introducing the concepts and vocabulary of algebra in a 
nurturing, non-threatening environment while also addressing the needs of 
students with diverse backgrounds and learning styles, the book helps 
students gain confidence in their ability to succeed in the course and 
become successful college students. 


The material is presented as a sequence of small, and clear steps to 
conceptual understanding. The order of topics was carefully planned to 
emphasize the logical progression throughout the course and to facilitate a 
thorough understanding of each concept. As new ideas are presented, they 
are explicitly related to previous topics. 


Chapter 1: Foundations 

Chapter 1 reviews arithmetic operations with whole numbers, integers, 
fractions, decimals and real numbers, to give the student a solid base 
that will support their study of algebra. 

Chapter 2: Solving Linear Equations and Inequalities 

In Chapter 2, students learn to solve linear equations using the 
Properties of Equality and a general strategy. They use a problem- 
solving strategy to solve number, percent, mixture and uniform motion 
applications. Solving a formula for a specific variable, and also solving 
both linear and compound inequalities is presented. 

Chapter 3: Graphs and Functions 

Chapter 3 covers the rectangular coordinate system where students 
learn to plot graph linear equations in two variables, graph with 
intercepts, understand slope of a line, use the slope-intercept form of 
an equation of a line, find the equation of a line, and create graphs of 
linear inequalities. The chapter also introduces relations and functions 
as well as graphing of functions. 

Chapter 4: Systems of Linear Equations 

Chapter 4 covers solving systems of equations by graphing, 
substitution, and elimination; solving applications with systems of 
equations, solving mixture applications with systems of equations, and 
graphing systems of linear inequalities. Systems of equations are also 
solved using matrices and determinants. 


Chapter 5: Polynomials and Polynomial Functions 

In Chapter 5, students learn how to add and subtract polynomials, use 
multiplication properties of exponents, multiply polynomials, use 
special products, divide monomials and polynomials, and understand 
integer exponents and scientific notation. 

Chapter 6: Factoring 

In Chapter 6, students learn the process of factoring expressions and 
see how factoring is used to solve quadratic equations. 

Chapter 7: Rational Expressions and Functions 

In Chapter 7, students work with rational expressions, solve rational 
equations and use them to solve problems in a variety of applications, 
and solve rational inequalities. 

Chapter 8: Roots and Radical 

In Chapter 8, students simplify radical expressions, rational exponents, 
perform operations on radical expressions, and solve radical equations. 
Radical functions and the complex number system are introduced 
Chapter 9: Quadratic Equations 

In Chapter 9, students use various methods to solve quadratic 
equations and equations in quadratic form and learn how to use them 
in applications. Students will graph quadratic functions using their 
properties and by transformations. 

Chapter 10: Exponential and Logarithmic Functions 

In Chapter 10, students find composite and inverse functions, evaluate, 
graph, and solve both exponential and logarithmic functions. 
Chapter 11: Conics 

In Chapter 11, the properties and graphs of circles, parabolas, ellipses 
and hyperbolas are presented. Students also solve applications using 
the conics and solve systems of nonlinear equations. 

Chapter 12: Sequences, Series and the Binomial Theorem 

In Chapter 12, students are introduced to sequences, arithmetic 
sequences, geometric sequences and series and the binomial theorem. 


All chapters are broken down into multiple sections, the titles of which can 
be viewed in the Table of Contents. 


Key Features and Boxes 


Examples Each learning objective is supported by one or more worked 
examples, which demonstrate the problem-solving approaches that students 
must master. Typically, we include multiple examples for each learning 
objective to model different approaches to the same type of problem, or to 
introduce similar problems of increasing complexity. 


All examples follow a simple two- or three-part format. First, we pose a 
problem or question. Next, we demonstrate the solution, spelling out the 
steps along the way. Finally (for select examples), we show students how to 
check the solution. Most examples are written in a two-column format, with 
explanation on the left and math on the right to mimic the way that 
instructors “talk through” examples as they write on the board in class. 


Be Prepared! Each section, beginning with Section 2.1, starts with a few 
“Be Prepared!” exercises so that students can determine if they have 
mastered the prerequisite skills for the section. Reference is made to 
specific Examples from previous sections so students who need further 
review can easily find explanations. Answers to these exercises can be 
found in the supplemental resources that accompany this title. 


Try It 


Try it The Try It feature includes a pair of exercises that immediately 
follow an Example, providing the student with an immediate opportunity to 
solve a similar problem with an easy reference to the example. In the Web 
View version of the text, students can click an Answer link directly below 
the question to check their understanding. In the PDF, answers to the Try It 
exercises are located in the Answer Key. 


How To 


a 


How To Examples use a three column format to demonstrate how to solve 
an example with a certain procedure. The first column states the formal 
step, the second column is in words as the teacher would explain the 
process, and then the third column is the actual math. A How To procedure 
box follows each of these How To examples and summarizes the series of 
steps from the example. These procedure boxes provide an easy reference 
for students. 


Media 


[> | 


Media The “Media” icon appears at the conclusion of each section, just 
prior to the Self Check. This icon marks a list of links to online video 
tutorials that reinforce the concepts and skills introduced in the section. 


Disclaimer: While we have selected tutorials that closely align to our 
learning objectives, we did not produce these tutorials, nor were they 
specifically produced or tailored to accompany Intermediate Algebra. 


Self Check The Self Check includes the learning objectives for the section 
so that students can self-assess their mastery and make concrete plans to 
improve. 


Art Program 


Intermediate Algebra contains many figures and illustrations. Art 
throughout the text adheres to a clear, understated style, drawing the eye to 
the most important information in each figure while minimizing visual 
distractions. 


Intersecting Parallel Coincident 


Section Exercises and Chapter Review 


Section Exercises Each section of every chapter concludes with a well- 
rounded set of exercises that can be assigned as homework or used 
selectively for guided practice. Exercise sets are named Practice Makes 
Perfect to encourage completion of homework assignments. 


e Exercises correlate to the learning objectives. This facilitates 
assignment of personalized study plans based on individual student 
needs. 

e Exercises are carefully sequenced to promote building of skills. 

e Values for constants and coefficients were chosen to practice and 
reinforce arithmetic facts. 

e Even and odd-numbered exercises are paired. 

e Exercises parallel and extend the text examples and use the same 
instructions as the examples to help students easily recognize the 
connection. 

e Applications are drawn from many everyday experiences, as well as 
those traditionally found in college math texts. 

e Everyday Math highlights practical situations using the concepts 
from that particular section 

e Writing Exercises are included in every exercise set to encourage 
conceptual understanding, critical thinking, and literacy. 


Chapter review Each chapter concludes with a review of the most 
important takeaways, as well as additional practice problems that students 


can use to prepare for exams. 


¢ Key Terms provide a formal definition for each bold-faced term in the 
chapter. 

e Key Concepts summarize the most important ideas introduced in each 
section, linking back to the relevant Example(s) in case students need 
to review. 

e Chapter Review Exercises include practice problems that recall the 
most important concepts from each section. 

e Practice Test includes additional problems assessing the most 
important learning objectives from the chapter. 

e Answer Key includes the answers to all Try It exercises and every 
other exercise from the Section Exercises, Chapter Review Exercises, 
and Practice Test. 


Additional Resources 


Student and Instructor Resources 


We’ve compiled additional resources for both students and instructors, 
including Getting Started Guides, manipulative mathematics worksheets, an 
answer key to the Be Prepared Exercises, and an answer guide to the 
section review exercises. Instructor resources require a verified instructor 
account, which can be requested on your openstax.org log-in. Take 
advantage of these resources to supplement your OpenStax book. 


Partner Resources 


OpenStax partners are our allies in the mission to make high-quality 
learning materials affordable and accessible to students and instructors 
everywhere. Their tools integrate seamlessly with our OpenStax titles at a 
low cost. To access the partner resources for your text, visit your book page 
on openstax.org. 
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Introduction 
class="introduction" 


This hand may change 
someone’s life. 
Amazingly, it was created 
using a special kind of 
printer known as a 3D 
printer. (credit: U.S. Food 
and Drug 
Administration/Wikimedi 
a Commons) 


For years, doctors and engineers have worked to make artificial limbs, such 
as this hand for people who need them. This particular product is different, 
however, because it was developed using a 3D printer. As a result, it can be 
printed much like you print words on a sheet of paper. This makes 
producing the limb less expensive and faster than conventional methods. 


Biomedical engineers are working to develop organs that may one day save 
lives. Scientists at NASA are designing ways to use 3D printers to build on 
the moon or Mars. Already, animals are benefitting from 3D-printed parts, 


including a tortoise shell and a dog leg. Builders have even constructed 
entire buildings using a 3D printer. 


The technology and use of 3D printers depends on the ability to understand 
the language of algebra. Engineers must be able to translate observations 

and needs in the natural world to complex mathematical commands that can 
provide directions to a printer. In this chapter, you will review the language 
of algebra and take your first steps toward working with algebraic concepts. 


Use the Language of Algebra 
By the end of this section, you will be able to: 


e Find factors, prime factorizations, and least common multiples 
e Use variables and algebraic symbols 

Simplify expressions using the order of operations 

Evaluate an expression 

Identify and combine like terms 

e Translate an English phrase to an algebraic expression 


Note: 


This chapter is intended to be a brief review of concepts that will be needed in an Intermediate Algebra 


course. A more thorough introduction to the topics covered in this chapter can be found in the Elementary 


Algebra chapter, Foundations. 


Find Factors, Prime Factorizations, and Least Common Multiples 


The numbers 2, 4, 6, 8, 10, 12 are called multiples of 2. A multiple of 2 can be written as the product of a 


counting number and 2. 


Multiples of 2: 


Ze 4, 6, By 210; O12 Fe. 
201 22 223 294 2°95 226 


Similarly, a multiple of 3 would be the product of a counting number and 3. 


Multiples of 3: 


3, 6, 9 12, 18; 18) 
301) 392) 3203 394 35 326 


We could find the multiples of any number by continuing this process. 


Counting 
Number 1 2 3 4 5 6 7 8 9 


Multiples 
of 2 


Multiples 
of 3 


Multiples 
of 4 


10 


20 


30 


40 


11 


22 


33 


44 


12 


24 


36 


48 


Counting 


Number 1/2 /3 |4 |s |6 |7 |s8 |9 | wo] n | w 

i 5 | 10 | 15 | 20 | 25 | 30 | 35 | 40 | 45 | 50 | 55 | 60 

wmies |g | 12 | 18 | 24 | 30 | 36 | a2 | 48 | 54 | co | 66 | 72 

rai 7 | 14 | 21 | 28 | 35 | 42 | 49 | 56 | 63 | 70 | 77 | 84 

vn | 8 | 16 | 24 | 32 | 40 | 48 | 56 | 64 | 72 | 80 | 88 | 96 

wy | 9 | 18 | 27 | 36 | 45 | 54 | 03 | 72 | 81 | 90 | 99 | 108 
Note: 


Multiple of a Number 
A number is a multiple of n if it is the product of a counting number and n. 


Another way to say that 15 is a multiple of 3 is to say that 15 is divisible by 3. That means that when we divide 
3 into 15, we get a counting number. In fact, 15 + 3 is 5,so 15is 5-3. 


Note: 
Divisible by a Number 
If a number m is a multiple of n, then m is divisible by n. 


If we were to look for patterns in the multiples of the numbers 2 through 9, we would discover the following 
divisibility tests: 


Note: 
Divisibility Tests 
A number is divisible by: 
2 if the last digit is 0, 2, 4, 6, or 8. 
3 if the sum of the digits is divisible by 3. 
5 if the last digit is 5 or 0. 
6 if it is divisible by both 2 and 3. 
10 if it ends with 0. 


Example: 


Exercise: 


Problem: Is 5,625 divisible by (@) 2? (6) 3? © 5 or 10? @ 6? 


Solution: 


Is 5,625 divisible by 2? 


Does it end in 0, 2, 4, 6 or 8? 


Is 5,625 divisible by 3? 


What is the sum of the digits? 
Is the sum divisible by 3? 


© 
Is 5,625 divisible by 5 or 10? 


What is the last digit? It is 5. 


Is 5,625 divisible by 6? 


Is it divisible by both 2 and 3? 


Note: 
Exercise: 


No. 
5,625 is not divisible by 2. 


5+6+24+5=18 
Yes. 
5,625 is divisible by 3. 


5,625 is divisible by 5 but not by 10. 


No, 5,625 is not divisible by 2, so 5,625 is 
not divisible by 6. 


Problem: Is 4,962 divisible by (@) 2? (6) 3? © 5? @ 6? ©) 10? 


Solution: 


(a) yes (©) yes ©) no @) yes 
(©) no 


Note: 
Exercise: 


Problem: Is 3,765 divisible by (@) 2? (6) 3? © 5? @ 6? © 10? 


Solution: 


(@) no © yes © yes @) no 
©) no 


In mathematics, there are often several ways to talk about the same ideas. So far, we’ve seen that if mis a 
multiple of n, we can say that m is divisible by n. For example, since 72 is a multiple of 8, we say 72 is 
divisible by 8. Since 72 is a multiple of 9, we say 72 is divisible by 9. We can express this still another way. 


Since 8 - 9 = 72, we say that 8 and 9 are factors of 72. When we write 72 = 8 - 9, we say we have factored 
72. 


8-9 = 72 
=| eS 
factors product 


Other ways to factor 72 are1-72, 2-36, 3-24, 4-18, and 6-12. The number 72 has many factors: 
1, 2, 3,4, 6,8, 9,12, 18, 24, 36, and 72. 


Note: 
Factors 
If a-b =m, then a and b are factors of m. 


Some numbers, such as 72, have many factors. Other numbers have only two factors. A prime number is a 
counting number greater than 1 whose only factors are 1 and itself. 


Note: 

Prime number and Composite number 

A prime number is a counting number greater than 1 whose only factors are 1 and the number itself. 

A composite number is a counting number that is not prime. A composite number has factors other than 1 
and the number itself. 


The counting numbers from 2 to 20 are listed in the table with their factors. Make sure to agree with the 
“prime” or “composite” label for each! 


3 | 3 | Prime 
| 4 | 427,14 | Composite | 
eee | 15 | 135,15 | Composite __| 


ps | 238 Een 1248.16 


The prime numbers less than 20 are 2, 3, 5, 7, 11, 13, 17, and 19. Notice that the only even prime number is 2. 


A composite number can be written as a unique product of primes. This is called the prime factorization of 
the number. Finding the prime factorization of a composite number will be useful in many topics in this course. 


Note: 
Prime Factorization 
The prime factorization of a number is the product of prime numbers that equals the number. 


To find the prime factorization of a composite number, find any two factors of the number and use them to 
create two branches. If a factor is prime, that branch is complete. Circle that prime. Otherwise it is easy to lose 
track of the prime numbers. 


If the factor is not prime, find two factors of the number and continue the process. Once all the branches have 
circled primes at the end, the factorization is complete. The composite number can now be written as a product 
of prime numbers. 


Example: 
How to Find the Prime Factorization of a Composite Number 
Exercise: 


Problem: Factor 48. 


Solution: 


2 is prime. A 
Circle the prime. 


24 is not prime. Break it 48 
into 2 more factors. Pan 


4 6 
4 and 6 are not prime. 48 
Break them each into two ra 
factors. @) 24 
4 6 
: ae a 
2 and 3 are prime, so circle @ ©®@ © 


them. 


We say 2: 2-2-2 -3 is the prime factorization of 48. We generally write the primes in ascending order. 
Be sure to multiply the factors to verify your answer. 


If we first factored 48 in a different way, for example as 6 - 8, the result would still be the same. Finish 
the prime factorization and verify this for yourself. 


Note: 
Exercise: 


Problem: Find the prime factorization of 80. 
Solution: 


2°-2:2-2-5 


Note: 
Exercise: 


Problem: Find the prime factorization of 60. 


Solution: 


2-2-3-5 


Note: 
Find the prime factorization of a composite number. 


Find two factors whose product is the given number, and use these numbers to create two branches. 
If a factor is prime, that branch is complete. Circle the prime, like a leaf on the tree. 

If a factor is not prime, write it as the product of two factors and continue the process. 

Write the composite number as the product of all the circled primes. 


One of the reasons we look at primes is to use these techniques to find the least common multiple of two 
numbers. This will be useful when we add and subtract fractions with different denominators. 


Note: 


Least Common Multiple 
The least common multiple (LCM) of two numbers is the smallest number that is a multiple of both 
numbers. 


To find the least common multiple of two numbers we will use the Prime Factors Method. Let’s find the LCM 
of 12 and 18 using their prime factors. 


Example: 
How to Find the Least Common Multiple Using the Prime Factors Method 
Exercise: 


Problem: Find the least common multiple (LCM) of 12 and 18 using the prime factors method. 


Solution: 


List the primes of 12. 12=2°23 
List the primes of 18. Line up 18=2* 3:3 
with the primes of 12 when 
possible. If not create a new 
column. 
12=2°2*3 
18=2-| 3-3 


Notice that the prime factors of 12 (2 - 2 - 3) and the prime factors of 18 (2 - 3 - 3) are included in the LCM 
(2- 2-3-3). So 36 is the least common multiple of 12 and 18. 


By matching up the common primes, each common prime factor is used only once. This way you are sure that 
36 is the least common multiple. 


Note: 
Exercise: 


Problem: Find the LCM of 9 and 12 using the Prime Factors Method. 


Solution: 


36 


Note: 
Exercise: 


Problem: Find the LCM of 18 and 24 using the Prime Factors Method. 


Solution: 


72 


Note: 
Find the least common multiple using the Prime Factors Method. 


Write each number as a product of primes. 

List the primes of each number. Match primes vertically when possible. 
Bring down the columns. 

Multiply the factors. 


Use Variables and Algebraic Symbols 


In algebra, we use a letter of the alphabet to represent a number whose value may change. We call this a 
variable and letters commonly used for variables are x, y, a, b,c. 


Note: 
Variable 
A variable is a letter that represents a number whose value may change. 


A number whose value always remains the same is called a constant. 


Note: 
Constant 
A constant is a number whose value always stays the same. 


To write algebraically, we need some operation symbols as well as numbers and variables. There are several 
types of symbols we will be using. There are four basic arithmetic operations: addition, subtraction, 
multiplication, and division. We’Il list the symbols used to indicate these operations below. 


Note: 
Operation Symbols 


Operation Notation Say: The result is... 
Addition a+b a plus b the sum of a and b 
Subtraction a—b a minus b the difference of a and b 


Multiplication ae) a times b the product of a and b 


Pea ee the quotient of a and b; 
Division a 0,0) Oe 10 ay ae ais called the dividend, and b is called 
y the divisor 


When two quantities have the same value, we say they are equal and connect them with an equal sign. 


Note: 

Equality Symbol 

a = bis read “a is equal to b.” 

The symbol “=” is called the equal sign. 


On the number line, the numbers get larger as they go from left to right. The number line can be used to 
explain the symbols “<” and “>”. 


Note: 

Inequality 

a< bis read “ais less than b” a a 
ais to the left of b on the number line a b 

a> bis read “ais greater than b” fo 


ais to the right of b on the number line b a 


The expressions a < bor a > 6 can be read from left to right or right to left, though in English we usually read 
from left to right. In general, 
Equation: 

a<b_ is equivalent tob > a. For example, 7 < 11 is equivalent to 11 > 7. 

a>b_ is equivalent to b < a. For example, 17 > 4 is equivalent to 4 < 17. 


Note: 
Inequality Symbols 


Inequality Symbols Words 

a#b a is not equal to b. 

a<b a is less than b. 

a<b a is less than or equal to b. 
a>b a is greater than b. 

a>b a is greater than or equal to b. 


Grouping symbols in algebra are much like the commas, colons, and other punctuation marks in English. They 
help identify an expression, which can be made up of number, a variable, or a combination of numbers and 
variables using operation symbols. We will introduce three types of grouping symbols now. 


Note: 

Grouping Symbols 

Equation: 
Parentheses () 
Brackets (] 
Braces {} 


Here are some examples of expressions that include grouping symbols. We will simplify expressions like these 
later in this section. 
Equation: 


8(14 — 8) 21 — 3[2 + 4(9 — 8)| 24 + {13 — 2[1(6 — 5) + 4}} 


What is the difference in English between a phrase and a sentence? A phrase expresses a single thought that is 
incomplete by itself, but a sentence makes a complete statement. A sentence has a subject and a verb. In 
algebra, we have expressions and equations. 


Note: 
Expression 
An expression is a number, a variable, or a combination of numbers and variables using operation symbols. 


Equation: 
Expression Words English Phrase 
34+5 3 plus 5 the sum of three and five 
n—-1 nm minus one the difference of n and one 
6-7 6 times 7 the product of six and seven 
Z x divided by y the quotient of « and y 


Notice that the English phrases do not form a complete sentence because the phrase does not have a verb. 


An equation is two expressions linked by an equal sign. When you read the words the symbols represent in an 
equation, you have a complete sentence in English. The equal sign gives the verb. 


Note: 
Equation 
An equation is two expressions connected by an equal sign. 


Equation: 
Equation English Sentence 
3+5=8 The sum of three and five is equal to eight. 
n-1=14 nm minus one equals fourteen. 
6-7= 42 The product of six and seven is equal to forty-two. 
z= 53 x is equal to fifty-three. 
y+9=2y-3 y plus nine is equal to two y minus three. 


Suppose we need to multiply 2 nine times. We could write this as 2-2-2-2-2-2-2-2-2. This is tedious 
and it can be hard to keep track of all those 2s, so we use exponents. We write 2 - 2 - 2 as 2° and 
2-2-2-2-2-2-2-2-2as 2°. In expressions such as 2°, the 2 is called the base and the 3 is called the 
exponent. The exponent tells us how many times we need to multiply the base. 


3—— exponent 2 ° . . 
2 means multiply 2 by itself, three times, as in 2° 2° 2. 


base 


We read 2?as “two to the third power” or “two cubed.” 


Note: 

Exponential Notation 

We say 2° is in exponential notation and 2 - 2 - 2 is in expanded notation. 
a” means multiply a by itself, n times. 


base —s g?~— exponent 


a@=a-aeae...°a 
u 


J 


n factors 


The expression a” is read a to the n*” power. 


While we read a” as \\a to the n“” power”, we usually read: 
Equation: 


“a, squared” 


a® “a cubed” 


We’ll see later why a? and a? have special names. 


[link] shows how we read some expressions with exponents. 


Expression In Words 

7 7 to the second power or 7 squared 
53 5 to the third power or 5 cubed 
94 9 to the fourth power 

12° 12 to the fifth power 


Simplify Expressions Using the Order of Operations 


To simplify an expression means to do all the math possible. For example, to simplify 4 - 2 + 1 we would first 
multiply 4 - 2 to get 8 and then add the 1 to get 9. A good habit to develop is to work down the page, writing 
each step of the process below the previous step. The example just described would look like this: 

Equation: 


By not using an equal sign when you simplify an expression, you may avoid confusing expressions with 
equations. 


Note: 
Simplify an Expression 
To simplify an expression, do all operations in the expression. 


We’ve introduced most of the symbols and notation used in algebra, but now we need to clarify the order of 
operations. Otherwise, expressions may have different meanings, and they may result in different values. 


For example, consider the expression 4 + 3 - 7. Some students simplify this getting 49, by adding 4 + 3 and 
then multiplying that result by 7. Others get 25, by multiplying 3 - 7 first and then adding 4. 


The same expression should give the same result. So mathematicians established some guidelines that are 
called the order of operations. 


Note: 
Use the order of operations. 


Parentheses and Other 
Grouping Symbols o Simplify all expressions inside the parentheses or other grouping symbols, 
working on the innermost parentheses first. 


Exponents 
o Simplify all expressions with exponents. 
Multiplication and 
Division © Perform all multiplication and division in order from left to right. These operations 
have equal priority. 
Addition and 
Subtraction © Perform all addition and subtraction in order from left to right. These operations 


have equal priority. 


Students often ask, “How will I remember the order?” Here is a way to help you remember: Take the first letter 
of each key word and substitute the silly phrase “Please Excuse My Dear Aunt Sally”. 
Equation: 


Parentheses Please 


Exponents Excuse 
Multiplication Division My Dear 
Addition Subtraction Aunt Sally 


It’s good that “My Dear” goes together, as this reminds us that multiplication and division have equal priority. 
We do not always do multiplication before division or always do division before multiplication. We do them in 
order from left to right. 


Similarly, “Aunt Sally” goes together and so reminds us that addition and subtraction also have equal priority 
and we do them in order from left to right. 


Example: 
Exercise: 


Problem: Simplify: 18 + 6 + 4 (5 — 2). 


Solution: 
18+6+4(5-2) 

Parentheses? Yes, subtract first. 18 +6 + 4(3) 
Exponents? No. 
Multiplication or division? Yes. 
Divide first because we multiply and divide left to right. 3 + 4(3) 
Any other multiplication or division? Yes. 
Multiply. 3+12 


Any other multiplication of division? No. 


Any addition or subtraction? Yes. 


Add. 15 


Note: 
Exercise: 


Problem: Simplify: 30 + 5 + 10 (3 — 2). 


Solution: 


16 


Note: 
Exercise: 


Problem: Simplify: 70 + 10 + 4 (6 — 2). 


Solution: 


23 


When there are multiple grouping symbols, we simplify the innermost parentheses first and work outward. 


Example: 
Exercise: 


Problem: Simplify: 5 + 2? + 3[6 — 3(4 — 2)]. 


Solution: 


5 +2? + 3[6 - 3(4-2)] 


Are there any parentheses (or other 


grouping symbols)? Yes. 5 + 2? + 3[6 - 3(4-2)] 


Focus on the parentheses that are inside the 


brackets. Subtract. 5+ 2’ + 3[6 - 3(2)] 


Continue inside the brackets and multiply. 542° 4316-6] 
+ 2? + 3[6- 


Continue inside the brackets and subtract. 


The expression inside the brackets requires 
no further simplification. 


Are there any exponents? Yes. Simplify exponents. 


Is there any multiplication or division? Yes. 
Multiply. 
Is there any addition of subtraction? Yes. 


Add. 


Add. 


Note: 
Exercise: 


Problem: Simplify: 9 + 5° — [4 (9 + 3)]. 


Solution: 


86 


Note: 
Exercise: 


Problem: Simplify: 7” — 2 [4 (5 + 1)]. 


Solution: 


1 


Evaluate an Expression 


5 + 2? + 3[0] 


5+8+ 3[0] 


5+84+0 


13+0 


In the last few examples, we simplified expressions using the order of operations. Now we’ll evaluate some 
expressions—again following the order of operations. To evaluate an expression means to find the value of 
the expression when the variable is replaced by a given number. 


Note: 

Evaluate an Expression 

To evaluate an expression means to find the value of the expression when the variable is replaced by a given 
number. 


To evaluate an expression, substitute that number for the variable in the expression and then simplify the 
expression. 


Example: 
Exercise: 


Problem: Evaluate when « = 4 : @) x? (©) 3% © 22? + 32 +8. 


Solution: 


@) 


x 
Replace x with 4. 4 
Use definition of exponent. 4-4 
Simplify. 16 


3 


Replace x with 4. 3* 
Use definition of exponent. 3°3°3°3 
Simplify. 81 
© 
2x* + 3x +8 
Replace x with 4. 2(4Y + 3(4) + 8 
Follow the order of operations. 2(16) + 3(4) + 8 
32+12+8 
52 
Note: 
Exercise: 


Problem: Evaluate when z = 3, (@) z? ©) 4* © 3a? + 4¢ 4+ 1. 


Solution: 


(a) 9 (©) 64 ©40 


Note: 


Exercise: 


Problem: Evaluate when x = 6, (@) x? (©) 2° © 62? — 4x — 7. 


Solution: 


(a) 216 (6) 64 ©) 185 


Identify and Combine Like Terms 


Algebraic expressions are made up of terms. A term is a constant, or the product of a constant and one or more 
variables. 


Note: 
Term 
A term is a constant or the product of a constant and one or more variables. 


Examples of terms are 7, y, 52”, 9a, and b°. 


The constant that multiplies the variable is called the coefficient. 


Note: 
Coefficient 
The coefficient of a term is the constant that multiplies the variable in a term. 


Think of the coefficient as the number in front of the variable. The coefficient of the term 3a is 3. When we 
write x, the coefficient is 1, sincex = 1-72. 


Some terms share common traits. When two terms are constants or have the same variable and exponent, we 
say they are like terms. 


Look at the following 6 terms. Which ones seem to have traits in common? 
Equation: 


be 7 n? 4 32 Qn? 


We say, 
7 and 4 are like terms. 
5a and 32 are like terms. 


n? and 9n? are like terms. 


Note: 
Like Terms 
Terms that are either constants or have the same variables raised to the same powers are called like terms. 


If there are like terms in an expression, you can simplify the expression by combining the like terms. We add 
the coefficients and keep the same variable. 


Equation: 
Simplify. 4xn+7x+2 
Add the coefficients. 122 
Example: 
How To Combine Like Terms 
Exercise: 


Problem: Simplify: 2x? + 3a +7+a?+4¢+5. 


Solution: 


20+ 3X+74+X4+4x4+5 


20+ 3X+74+X+4x4+5 


24+ 3X4 74X84 40°45 


20+ %°+3x+4x +745 


2X°+ X74 3x+4x +745 


3x°+ 7x+12 


Note: 
Exercise: 


Problem: Simplify: 3x? + 7z + 9 + 7x” + 9x +8. 
Solution: 


10x? + 162 +17 


Note: 
Exercise: 


Problem: Simplify: 4y? + 5y + 2 + 8y*° + 4y+ 5. 
Solution: 


12y°+9y+7 


Note: 
Combine like terms. 


Identify like terms. 
Rearrange the expression so like terms are together. 
Add or subtract the coefficients and keep the same variable for each group of like terms. 


Translate an English Phrase to an Algebraic Expression 


We listed many operation symbols that are used in algebra. Now, we will use them to translate English phrases 
into algebraic expressions. The symbols and variables we’ve talked about will help us do that. [link] 
summarizes them. 


Operation Phrase Expression 


a plus b 

the sum of a and b 
a increased by b 

b more than a 

the total of a and b 
b added to a 


Addition a+b 


a minus b 
the difference of a and b 
Subtraction a decreased by b a—b 
b less than a 
b subtracted from a 


a times b a-b,ab,a(b), (a)(b) 
Multiplication the product of a and b 
twice a 2a 


Operation Phrase Expression 


a divided by b 

the quotient of a and b 2%, a4 
the ratio of a and b a+b,a/b, $,b)a 
b divided into a 


Division 


Look closely at these phrases using the four operations: 


the sum of a and b 

the difference of a and b 
the product of a and b 
the quotient of a and b 


Each phrase tells us to operate on two numbers. Look for the words of and and to find the numbers. 


Example: 
Exercise: 


Problem: Translate each English phrase into an algebraic expression: 


(a) the difference of 14x and 9 
(6) the quotient of 8y? and 3 
© twelve more than y 

(@ seven less than 49x? 


Solution: 


(a) The key word is difference, which tells us the operation is subtraction. Look for the words of and and 
to find the numbers to subtract. 
the difference of 14x and9 
14x minus 9 
14x-9 


(6) The key word is quotient, which tells us the operation is division. 


the quotient of 8y and 3 
divide 8¥ by 3 
sy +3 
sy’ 


This can also be written 8y*/3 or = 


© The key words are more than. They tell us the operation is addition. More than means “added to.” 
Equation: 


twelve more than y 
twelve added to y 
y+ 12 


@ The key words are less than. They tell us to subtract. Less than means “subtracted from.” 
Equation: 


seven less than 49x? 
seven subtracted from 492? 
49x? — 7 


Note: 
Exercise: 


Problem: Translate the English phrase into an algebraic expression: 


(a) the difference of 14x? and 13 
(6) the quotient of 12% and 2 

(©) 13 more than z 

@ 18 less than 8x 


Solution: 


Qld 13 Olas = 2 
©z+13@ 82 — 18 


Note: 
Exercise: 


Problem: Translate the English phrase into an algebraic expression: 


(a) the sum of 17y? and 19 
(6) the product of 7 and y 
(©) Eleven more than x 

@ Fourteen less than 11a 


Solution: 


@ 17y?+ 19 © Ty 
Cry 2 iv @ilar= 4 


We look carefully at the words to help us distinguish between multiplying a sum and adding a product. 


Example: 
Exercise: 


Problem: Translate the English phrase into an algebraic expression: 


(a) eight times the sum of x and y 
(6) the sum of eight times x and y 


Solution: 
There are two operation words—times tells us to multiply and sum tells us to add. 


(a) Because we are multiplying 8 times the sum, we need parentheses around the sum of x and y, (x + y). 
This forces us to determine the sum first. (Remember the order of operations.) 
Equation: 


eight times the sum of x and y 
8(a + y) 


(6) To take a sum, we look for the words of and and to see what is being added. Here we are taking the 
sum of eight times x and y. 


the sum of eight times x and y 


8x+y 


Note: 
Exercise: 


Problem: Translate the English phrase into an algebraic expression: 


(a) four times the sum of p and q 
(6) the sum of four times p and q 


Solution: 


@4(p+q)®©4p+q 


Note: 
Exercise: 


Problem: Translate the English phrase into an algebraic expression: 


(a) the difference of two times x and 8 
(©) two times the difference of x and 8 


Solution: 


(@) 2z — 8 ©2 (x — 8) 


Later in this course, we’ll apply our skills in algebra to solving applications. The first step will be to translate 
an English phrase to an algebraic expression. We’ll see how to do this in the next two examples. 


Example: 
Exercise: 


Problem: 


The length of a rectangle is 14 less than the width. Let w represent the width of the rectangle. Write an 
expression for the length of the rectangle. 


Solution: 
Write a phrase about the length of the rectangle. 14 less than the width 
Substitute w for “the width.” w 
Rewrite less than as subtracted from. 14 subtracted from w 
Translate the phrase into algebra. w—14 

Note: 

Exercise: 
Problem: 


The length of a rectangle is 7 less than the width. Let w represent the width of the rectangle. Write an 
expression for the length of the rectangle. 


Solution: 


wT 


Note: 
Exercise: 


Problem: 


The width of a rectangle is 6 less than the length. Let / represent the length of the rectangle. Write an 
expression for the width of the rectangle. 


Solution: 


f= 


The expressions in the next example will be used in the typical coin mixture problems we will see soon. 


Example: 


Exercise: 


Problem: 


June has dimes and quarters in her purse. The number of dimes is seven less than four times the number 
of quarters. Let q represent the number of quarters. Write an expression for the number of dimes. 


Solution: 
Write a phrase about the number of dimes. seven less than four times the number of quarters 
Substitute q for the number of quarters. 7 less than 4 times q 
Translate 4 times q. 7 less than 4q 
Translate the phrase into algebra. 4q—7 
Note: 
Exercise: 
Problem: 


Geoffrey has dimes and quarters in his pocket. The number of dimes is eight less than four times the 
number of quarters. Let q represent the number of quarters. Write an expression for the number of dimes. 


Solution: 


4q—8 


Note: 
Exercise: 


Problem: 


Lauren has dimes and nickels in her purse. The number of dimes is three more than seven times the 
number of nickels. Let n represent the number of nickels. Write an expression for the number of dimes. 


Solution: 


7n+3 


Key Concepts 


¢ Divisibility Tests 
A number is divisible by: 

2 if the last digit is 0, 2, 4, 6, or 8. 
3 if the sum of the digits is divisible by 3. 
5 if the last digit is 5 or 0. 
6 if it is divisible by both 2 and 3. 
10 if it ends with 0. 

¢ How to find the prime factorization of a composite number. 


Find two factors whose product is the given number, and use these numbers to create two branches. 
If a factor is prime, that branch is complete. Circle the prime, like a bud on the tree. 
If a factor is not prime, write it as the product of two factors and continue the process. 


Write the composite number as the product of all the circled primes. 
How To Find the least common multiple using the prime factors method. 


Write each number as a product of primes. 

List the primes of each number. Match primes vertically when possible. 
Bring down the columns. 

Multiply the factors. 


Equality Symbol 
a = bis read “a is equal to b.” 
The symbol “=” is called the equal sign. 


Inequality 
a< bis read “ais less than b” od 
a is to the left of b on the number line a b 
a> bis read “ais greater than b” St 
ais to the right of b on the number line b a 
Inequality Symbols 
Inequality Symbols Words 
a#zb ais not equal to b. 
a<b a is less than b. 
a<b ais less than or equal to b. 
a>b a is greater than b. 
a>b a is greater than or equal to b. 
Grouping Symbols 
Parentheses () 
Brackets (] 
Braces {} 


Exponential Notation 

a” means multiply a by itself, n times. 

The expression a” is read a to the n*” power. 

Simplify an Expression 

To simplify an expression, do all operations in the expression. 
How to use the order of operations. 


Parentheses and Other 


Grouping Symbols = Simplify all expressions inside the parentheses or other grouping symbols, 
working on the innermost parentheses first. 


Exponents 
= Simplify all expressions with exponents. 


Multiplication and 
Division « Perform all multiplication and division in order from left to right. These 


operations have equal priority. 
Addition and 


Subtraction = Perform all addition and subtraction in order from left to right. These operations 
have equal priority. 


How to combine like terms. 


Identify like terms. 
Rearrange the expression so like terms are together. 
Add or subtract the coefficients and keep the same variable for each group of like terms. 


Operation Phrase Expression 


aplus b 

the sum of a and b 
a increased by b 

b more than a 

the total of a and b 
b added to a 


Addition a+b 


a minus b 
the difference of a and b 
Subtraction a decreased by b a—b 
b less than a 
b subtracted from a 


a-b,ab,a(b), (a)(b) 


a times b 
Multiplication the product of a and b 


twice a 
2a 


a divided by b 
Division the quotient of a and b a~b,a/b, ¢, ba 


the ratio of a and b 
b divided into a 


Practice Makes Perfect 


Identify Multiples and Factors 
In the following exercises, use the divisibility tests to determine whether each number is divisible by 2, by 3, 


by 5, by 6, and by 10. 
Exercise: 


Problem: 84 


Solution: 
Divisible by 2, 3, 6 


Exercise: 


Problem: 96 


Exercise: 


Problem: 896 


Solution: 
Divisible by 2 


Exercise: 


Problem: 942 


Exercise: 


Problem: 22,335 

Solution: 

Divisible by 3, 5 
Exercise: 


Problem: 39,075 


Find Prime Factorizations and Least Common Multiples 


In the following exercises, find the prime factorization. 
Exercise: 


Problem: 86 


Solution: 
2-43 


Exercise: 


Problem: 78 


Exercise: 


Problem: 455 


Solution: 


d:-7-13 


Exercise: 


Problem: 400 


Exercise: 


Problem: 432 


Solution: 


2°2-2-2-3-3-3 


Exercise: 
Problem: 627 


In the following exercises, find the least common multiple of each pair of numbers using the prime factors 
method. 
Exercise: 


Problem: 8, 12 
Solution: 


24 


Exercise: 


Problem: 12, 16 


Exercise: 


Problem: 28, 40 
Solution: 


420 


Exercise: 


Problem: 84, 90 


Exercise: 


Problem: 55, 88 
Solution: 


440 


Exercise: 
Problem: 60, 72 


Simplify Expressions Using the Order of Operations 


In the following exercises, simplify each expression. 
Exercise: 


Problem: 2° — 12 + (9 — 5) 


Solution: 


5 


Exercise: 


Problem: 3” — 18 + (11 — 5) 
Exercise: 

Problem: 2 + 8(6 + 1) 

Solution: 


58 


Exercise: 


Problem: 4 + 6(3 + 6) 


Exercise: 
Problem: 20 ~ 4 + 6 (5 — 1) 


Solution: 


29 


Exercise: 


Problem: 33 + 3 + 4 (7 — 2) 


Exercise: 
Problem: 3(1 + 9-6) — 4? 


Solution: 


149 


Exercise: 


Problem: 5(2 + 8-4) — 7” 


Exercise: 


Problem: 2 [1 + 3 (10 — 2)| 
Solution: 


50 


Exercise: 


Problem: 5 [2 + 4 (3 — 2)| 


Exercise: 


Problem: 8 + 2 [7 — 2(5 — 3)| — 3? 


Solution: 


5 


Exercise: 


Problem: 10 + 3 [6 — 2 (4 — 2)] — 24 


Evaluate an Expression 


In the following exercises, evaluate the following expressions. 
Exercise: 


When x = 2, 
@ z° 
(6) 4* 
Problem: (©) 2x? + 3x — 7 


Solution: 


(640 16©7 


Exercise: 
When z = 3, 
@x° 
(©) 5* 
Problem: (© 3x? — 4x — 8 
Exercise: 


When « = 4,y=1 
Problem: x? + 3xy — 7y? 


Solution: 


21 


Exercise: 


When z« = 3,y= 2 
Problem: 62? + 3ay — 9y* 


Exercise: 


When « = 10,y = 7 
Problem: (a — y)” 


Solution: 
9 


Exercise: 


When a = 3,b = 8 
Problem: a2 + 62 


Simplify Expressions by Combining Like Terms 


In the following exercises, simplify the following expressions by combining like terms. 
Exercise: 


Problem: 7x +2+32+4 


Solution: 


10” + 6 


Exercise: 


Problem: 8y + 5 + 2y — 4 


Exercise: 


Problem: 10a + 7+ 5a—2+7a—4 


Solution: 
22a+1 


Exercise: 


Problem: 7c + 4+ 6c—3+9c-—1 


Exercise: 


Problem: 3x7 + 122 + 11 +14277+ 82 +5 


Solution: 


17x? + 20x + 16 


Exercise: 


Problem: 5b? + 9b + 10 + 267+ 3b-—4 


Translate an English Phrase to an Algebraic Expression 


In the following exercises, translate the phrases into algebraic expressions. 
Exercise: 


(@ the difference of 5a? and 6xy 
(b) the quotient of 6y? and 5x 


© Twenty-one more than ¥” 
Problem: () 6z less than 812? 


Solution: 


@ 5a? — 6ry ® 
© y? + 21 @ 81x? — 6x 


Exercise: 


(a) the difference of 17x? and Sry 

(6) the quotient of 8y? and 3x 

© Eighteen more than a?; 
Problem: (4) 11b less than 1006” 


Exercise: 


(a) the sum of 4ab? and 3a2b 

(©) the product of 4y? and 5z 

(©) Fifteen more than m 
Problem: () 9z less than 1212? 


Solution: 

(a) 4ab? + 3a7b (6) 202y/? 

© m+ 15 @ 1212? — 9a 9x < 1212? 
Exercise: 


(@) the sum of 3a?y and 7xry” 

(6) the product of 6xy’ and 4z 

(©) Twelve more than 32? 
Problem: () 7x” less than 632° 


Exercise: 


(@) eight times the difference of y and nine 
Problem: (6) the difference of eight times y and 9 


Solution: 


@ 8(y—9) © 8y—9 


Exercise: 


(a) seven times the difference of y and one 
Problem: (6) the difference of seven times y and 1 


Exercise: 


(@) five times the sum of 3z and y 
Problem: (6) the sum of five times 3x and y 


Solution: 


@5(3¢+y) Ol5rt+y 


Exercise: 


(a) eleven times the sum of 4x? and 52 
Problem: (©) the sum of eleven times 4x? and 5x 


Exercise: 
Problem: 
Eric has rock and country songs on his playlist. The number of rock songs is 14 more than twice the 


number of country songs. Let c represent the number of country songs. Write an expression for the 
number of rock songs. 


Solution: 


14 > 2c 
Exercise: 


Problem: 


The number of women in a Statistics class is 8 more than twice the number of men. Let m represent the 
number of men. Write an expression for the number of women. 


Exercise: 


Problem: 


Greg has nickels and pennies in his pocket. The number of pennies is seven less than three the number of 
nickels. Let n represent the number of nickels. Write an expression for the number of pennies. 


Solution: 


3n —7 


Exercise: 


Problem: 


Jeannette has $5 and $10 bills in her wallet. The number of fives is three more than six times the number 
of tens. Let ¢ represent the number of tens. Write an expression for the number of fives. 


Writing Exercises 


Exercise: 


Problem: Explain in your own words how to find the prime factorization of a composite number. 
Solution: 
Answers will vary. 


Exercise: 


Problem: Why is it important to use the order of operations to simplify an expression? 
Exercise: 

Problem: Explain how you identify the like terms in the expression 8a? + 4a + 9 — a? — 1. 

Solution: 


Answers will vary. 
Exercise: 


Problem: 


Explain the difference between the phrases “4 times the sum of x and y” and “the sum of 4 times x and y”. 


Self Check 


(a) Use this checklist to evaluate your mastery of the objectives of this section. 


identify multiples and apply divisibility tests. ———_ 1 —sid 
find prime factorizations and least 
common multiples. 


simplify expressions using the order of 

operations. 

_ —— 
idesiyandconbineWetems fd 


translate English phrases to algebraic 
expressions. 


(©) If most of your checks were: 


...confidently. Congratulations! You have achieved the objectives in this section. Reflect on the study skills 
you used so that you can continue to use them. What did you do to become confident of your ability to do these 
things? Be specific. 


...with some help. This must be addressed quickly because topics you do not master become potholes in your 
road to success. In math every topic builds upon previous work. It is important to make sure you have a strong 
foundation before you move on. Who can you ask for help? Your fellow classmates and instructor are good 
resources. Is there a place on campus where math tutors are available? Can your study skills be improved? 


...no - I don’t get it! This is a warning sign and you must not ignore it. You should get help right away or you 
will quickly be overwhelmed. See your instructor as soon as you can to discuss your situation. Together you 
can come up with a plan to get you the help you need. 


Glossary 


coefficient 
The coefficient of a term is the constant that multiplies the variable in a term. 


composite number 
A composite number is a counting number that is not prime. It has factors other than 1 and the number 
itself. 


constant 
A constant is a number whose value always stays the same. 


divisible by a number 
If a number m is a multiple of n, then m is divisible by n. 


equation 
An equation is two expressions connected by an equal sign. 


evaluate an expression 
To evaluate an expression means to find the value of the expression when the variables are replaced by a 
given number. 


expression 
An expression is a number, a variable, or a combination of numbers and variables using operation 
symbols. 


factors 
If a- b =m, then a and b are factors of m. 


least common multiple 
The least common multiple (LCM) of two numbers is the smallest number that is a multiple of both 
numbers. 


like terms 
Terms that are either constants or have the same variables raised to the same powers are called like terms. 


multiple of a number 
A number is a multiple of n if it is the product of a counting number and n. 


order of operations 
The order of operations are established guidelines for simplifying an expression. 


prime factorization 
The prime factorization of a number is the product of prime numbers that equals the number. 


prime number 
A prime number is a counting number greater than 1 whose only factors are 1 and the number itself. 


simplify an expression 
To simplify an expression means to do all the math possible. 


term 
A term is a constant, or the product of a constant and one or more variables. 


variable 
A variable is a letter that represents a number whose value may change. 


Integers 
By the end of this section, you will be able to: 


e Simplify expressions with absolute value 

e Add and subtract integers 

e Multiply and divide integers 

e Simplify expressions with integers 

e Evaluate variable expressions with integers 

e Translate phrases to expressions with integers 
e Use integers in applications 


Note: 
A more thorough introduction to the topics covered in this section can be found in the Elementary 
Algebra chapter, Foundations. 


Simplify Expressions with Absolute Value 


A negative numbers is a number less than 0. The negative numbers are to the left of zero on the 
number line. See [link]. 


u | J 
¥" ag 


Negative numbers Positive numbers 
Zero 


The number line shows the location of 
positive and negative numbers. 


You may have noticed that, on the number line, the negative numbers are a mirror image of the 
positive numbers, with zero in the middle. Because the numbers 2 and —2 are the same distance 
from zero, each one is called the opposite of the other. The opposite of 2 is —2, and the opposite of 
—2 is 2. 


Note: 

Opposite 

The opposite of a number is the number that is the same distance from zero on the number line but 
on the opposite side of zero. 


[link] illustrates the definition. 


The opposite of 3 is —3. 


Note: 
Opposite Notation 
Equation: 


—ameans the opposite of the number a 
The notation —a is read as “the opposite of a.” 


We saw that numbers such as 3 and —3 are opposites because they are the same distance from 0 on 
the number line. They are both three units from 0. The distance between 0 and any number on the 
number line is called the absolute value of that number. 


Note: 

Absolute Value 

The absolute value of a number is its distance from 0 on the number line. 

The absolute value of a number n is written as |n| and |n| > 0 for all numbers. 
Absolute values are always greater than or equal to zero. 


For example, 
Equation: 


—5is 5 units away from 0, so |—5| = 5. 
5 is 5 units away from 0, so |5| = 5. 


[link] illustrates this idea. 


5 units 5 units 


The numbers 5 and —5 are 5 units away 
from 0. 


The absolute value of a number is never negative because distance cannot be negative. The only 
number with absolute value equal to zero is the number zero itself because the distance from 0 to 0 
on the number line is zero units. 


In the next example, we’ll order expressions with absolute values. 


Example: 
Exercise: 


Problem: Fill in <, >, or = for each of the following pairs of numbers: 


(@) |-5| __ —|-5| ®8 _ —|-8] © -9_ — |-9| @ — (—16) __ |-16]. 
Solution: 
(@) 

[| 
Simplify. 5 _ —5 
Order. DS =e 

[Se ee =| 5) 
©) 

8 _ —|-8| 
Simplify. 8 _ -8 
Order. oo 

8 > —|-8| 
© 

-9 _ —|-9| 
Simplify. -9 _ -9 
Order. -9 = -9 


@ 


B10) 16] 
Simplify. 16. Ab 
Order. TOT set6 

~(-16) = |-16| 


Note: 
Exercise: 


Problem: Fill in <, >, or = for each of the following pairs of numbers: 


@-9_ —|-9|®2_ —|-2| © -8 __ |—8] @ — (-9) __ |-9]. 


Solution: 


SO ster 
@= 


Note: 
Exercise: 


Problem: Fill in <, >, or = for each of the following pairs of numbers: 


@7_ —|-7| © —(—10) _ |—10| © |—4| _ —|—4] @-1 __|-1]. 
Solution: 

ee ors 

@O< 


We now add absolute value bars to our list of grouping symbols. When we use the order of 
operations, first we simplify inside the absolute value bars as much as possible, then we take the 
absolute value of the resulting number. 


Note: 
Grouping Symbols 
Equation: 


Parentheses () Braces {} 
Brackets [] Absolute value || 


In the next example, we simplify the expressions inside absolute value bars first just like we do 
with parentheses. 


Example: 
Exercise: 


Problem: Simplify: 24 — |19 — 3 (6 — 2)|. 


Solution: 


24 — |19 — 3(6 — 2)| 
Work inside parentheses first: 


subtract 2 from 6. 24 — |19 — 3(4)| 
Multiply 3(4). 24 — |19 — 12| 
Subtract inside the absolute value bars. 24 — |7| 
Take the absolute value. 24 —7 
Subtract. 17. 

Note: 

Exercise: 


Problem: Simplify:19 — |11 — 4(3 — 1)]. 
Solution: 


16 


Note: 
Exercise: 


Problem: Simplify: 9 — |8 — 4(7 — 5)]. 


Solution: 


Add and Subtract Integers 


So far, we have only used the counting numbers and the whole numbers. 
Equation: 


Counting numbers | ee 
Whole numbers O12. 8 eed 


Our work with opposites gives us a way to define the integers. The whole numbers and their 
opposites are called the integers. The integers are the numbers ... —3, —2, —1,0,1,2,3... 


Note: 

Integers 

The whole numbers and their opposites are called the integers. 
The integers are the numbers 

Equation: 


239106 23a, 


Most students are comfortable with the addition and subtraction facts for positive numbers. But 
doing addition or subtraction with both positive and negative numbers may be more challenging. 


We will use two color counters to model addition and subtraction of negatives so that you can 
visualize the procedures instead of memorizing the rules. 


We let one color (blue) represent positive. The other color (red) will represent the negatives. 


Positive blue (_) 
Negative red © 


If we have one positive counter and one negative counter, the value of the pair is zero. They form a 
neutral pair. The value of this neutral pair is zero. 


1+-1=0 


We will use the counters to show how to add: 
Equation: 


5+3 —5 + (—3) —54+3 5 + (—3) 


The first example, 5 + 3, adds 5 positives and 3 positives—both positives. 
The second example, —5 + (—3), adds 5 negatives and 3 negatives—both negatives. 


When the signs are the same, the counters are all the same color, and so we add them. In each case 
we get 8—either 8 positives or 8 negatives. 


5+3 -5 + €3) 
8 positives 8 negatives 
5+3=8 -5 + (-3)=-8 


So what happens when the signs are different? Let’s add —5 + 3 and 5 + (—3). 


When we use counters to model addition of positive and negative integers, it is easy to see whether 
there are more positive or more negative counters. So we know whether the sum will be positive or 
negative. 


-5+3 5 +(-3) 


SES® ° Olele)° © 


More negatives — the sumis negative. More positives - the sum is positive. 
5+3=-2 5+(-3)=2 


Example: 
Exercise: 


Problem: Add: (@) —1 + (—4) © -1+5©1-+ (-5). 


Solution: 


@) 


© 


© 


1 negative plus 4 negatives is 5 negatives 


There are more positives, so the sum is positive. 


-1+(4) 


@ 6000 


aia 


There are more negatives, so the sum is negative. -4 


Note: 
Exercise: 


Problem: Add: (@) —2 + (—4) ® -2+4© 2+ (-4). 


Solution: 


SIMON 


Note: 
Exercise: 


Problem: Add: (@) —2 + (—5) © —-2+5©2 + (-5). 


Solution: 


@-7®0®3©-3 


We will continue to use counters to model the subtraction. Perhaps when you were younger, you 
read \5 — 3// as “5 take away 3.” When you use counters, you can think of subtraction the same 
way! 


We will use the counters to show to subtract: 
Equation: 


pea 563) a ee (3) 


The first example, 5 — 3, we subtract 3 positives from 5 positives and end up with 2 positives. 


In the second example, —5 — (—3), we subtract 3 negatives from 5 negatives and end up with 2 
negatives. 


Each example used counters of only one color, and the “take away” model of subtraction was easy 
to apply. 


5-3=2 


-5-(3) =-2 


QOHOE QeEHee 


What happens when we have to subtract one positive and one negative number? We’|I need to use 
both blue and red counters as well as some neutral pairs. If we don’t have the number of counters 
needed to take away, we add neutral pairs. Adding a neutral pair does not change the value. It is 
like changing quarters to nickels—the value is the same, but it looks different. 


Let’s look at —5 — 3 and 5 — (—3). 


Model the first number. 


We now add the needed neutral 
pairs. 


We remove the number of counters 
modeled by the second number. 


Count what is left. 


Example: 
Exercise: 


-5-3 


OQQOQO0O 


OO000 OOO 
OOO 


OO000 OOO 


O0000 OOO 


5-3=-8 


5-(-3) 


OQQ0O0O0 


OO0000 COO 
OOO 


O0000 OO 


O0000 OOO 


5-(3)=-8 


Problem: Subtract: @ 3 — 1 © —3 — (-1) © -3 -1@3-— (-1). 


Solution: 


@) 


Take 1 positive from 3 positives and get 2 
positives. 


© 


Take 1 positive from 3 negatives and get 2 


; —2 
negatives. 


© 


60ee@ @ 


Take 1 positive from the one added neutral ©) 4 
pair. 


@ 


600 Of. 


Take 1 negative from the one added neutral ©) 4 
pair. 


Note: 
Exercise: 


Problem: Subtract: (@) 6 — 4 (©) —6 — (—4) © -6 — 4@6 — (—4). 


Solution: 


@270@—2 © —10@ 10 


Note: 
Exercise: 


Problem: Subtract: @ 7 — 4© —7 — (-4) © -7 -4@7-— (4). 


Solution: 


@3®-3©-11@11 


Have you noticed that subtraction of signed numbers can be done by adding the opposite? In the 
last example, —3 — 1 is the same as —3 + (—1) and 3 — (—1) is the same as 3 + 1. You will often 
see this idea, the Subtraction Property, written as follows: 


Note: 
Subtraction Property 
Equation: 


a—b=a+(-b) 


Subtracting a number is the same as adding its opposite. 


Example: 
Exercise: 


Problem: 


Simplify: @ 13 — 8 and 13 + (—8) © —17 — 9 and -17 + (—9) © 9 — (—15) and 9 +15 
OS erin ae 


Solution: 
@ 
13-8 and 13+(-8) 
Subtract. 5 5 
©) 
—-17-9 and -17+(-9) 

Subtract. —26 —26 
© 

9—(-15) and 9+15 
Subtract. 24 24 
@ 

—7-(-4) and -7+4 
Subtract. —3 —3 


Note: 


Exercise: 
Problem: 


Simplify: @) 21 — 13 and 21 + (—13) © —11 — 7 and —11 + (—7) © 6 — (—13) and 
6+ 13@—5 — (-1) and -—5 +1. 


Solution: 


(@) 8,8 ©) —18, —18 
© 19,19 @ —4, —4 


Note: 
Exercise: 


Problem: 


Simplify: @ 15 — 7 and 15 + (—7) © —14 — 8 and -14 + (—8) © 4 — (—19) and4+ 19 
@ —4 — (—7) and —4 + 7. 


Solution: 
(@ 8,8 © —22, —22 
(O22 23s 


What happens when there are more than three integers? We just use the order of operations as 
usual. 


Example: 
Exercise: 


Problem: Simplify: 7 — (—4 — 3) — 9. 


Solution: 

7—(-4-3)-9 
Simplify inside the parentheses first. 7—(-7)-9 
Subtract left to right. 14-9 


Subtract. 5 


Note: 
Exercise: 


Problem: Simplify: 8 — (—3 — 1) — 9. 
Solution: 


3 


Note: 
Exercise: 


Problem: Simplify: 12 — (—9 — 6) — 14. 
Solution: 


dle, 


Multiply and Divide Integers 


Since multiplication is mathematical shorthand for repeated addition, our model can easily be 
applied to show multiplication of integers. Let’s look at this concrete model to see what patterns we 
notice. We will use the same examples that we used for addition and subtraction. Here, we are 
using the model just to help us discover the pattern. 


We remember that a - b means add a, b times. 


5*3 -5(3) 
add 5, 3 times add —5, 3 times 


COOOO 80000 
COOOO 80000 
COOO0O 80000 


15 positives 15 negatives 


5°3=15 -5(3)=-15 


The next two examples are more interesting. What does it mean to multiply 5 by —3? It means 
subtract 5, 3 times. Looking at subtraction as “taking away”, it means to take away 5, 3 times. But 
there is nothing to take away, so we start by adding neutral pairs on the workspace. 


5(-3) 
take away 5, 3 times 


What's left? 


(5-3) 


take away —5, 3 times 


— 


QOQOO0O 


— 


OQOO0O 


— 


OO000 


QOQOQO0OO 
QQO0OO 
QOQQOO0O 


15 negatives 15 positives 
5(-3)=-15 (-5\-3) = 15 
In summary: 
Equation: 
5-3=15 —5 (3) = —15 
5 (—3) = —15 (—5) (—3) = 15 


Notice that for multiplication of two signed numbers, when the 
Equation: 


signs are the same, the product is positive. 
signs are different, the product is negative. 


What about division? Division is the inverse operation of multiplication. So, 15 + 3 = 5 because 
5-3 = 15. In words, this expression says that 15 can be divided into 3 groups of 5 each because 
adding five three times gives 15. If you look at some examples of multiplying integers, you might 
figure out the rules for dividing integers. 

Equation: 


5-3=15 so 15+3=5 
(—5)(-3) =15 so 15+(-3)=—5 


—5(3)=-15 so -15+3=-5 
5(—3) =—-15 so —15+(-3)=5 


Division follows the same rules as multiplication with regard to signs. 


Note: 
Multiplication and Division of Signed Numbers 
For multiplication and division of two signed numbers: 


Same signs Result 
¢ Two positives Positive 
* Two negatives Positive 


If the signs are the same, the result is positive. 


Different signs Result 
* Positive and negative Negative 
* Negative and positive Negative 


If the signs are different, the result is negative. 


Example: 
Exercise: 


Problem: Multiply or divide: (@) —100 + (—4) ©) 7-6 © 4(-—8) @ —27 + 3. 
Solution: 
@) 
—100 + (—4) 
Divide, with signs that are 
the same the quotient is positive. 25 


©) 


7-6 
Multiply, with same signs. 42 
© 
4(—8) 

Multiply, with different signs. —32 
@ 

—27+3 
Divide, with different signs, 
the quotient is negative. —9 


Note: 
Exercise: 


Problem: Multiply or divide: @) —115 + (—5) ®5-12©9(—7) @—-63 + 7. 
Solution: 


(@) 23 © 60 © —63 @ —9 


Note: 
Exercise: 


Problem: Multiply or divide: @) —117 + (—3) ®©3-13 © 7(—4) @—42 + 6. 
Solution: 


(a) 39 (6) 39 ©) -28 @ -7 


When we multiply a number by 1, the result is the same number. Each time we multiply a number 
by —1, we get its opposite! 


Note: 
Multiplication by —1 
Equation: 


—la=-a 


Multiplying a number by —1 gives its opposite. 


Simplify Expressions with Integers 


What happens when there are more than two numbers in an expression? The order of operations 
still applies when negatives are included. Remember Please Excuse My Dear Aunt Sally? 


Let’s try some examples. We’ || simplify expressions that use all four operations with integers— 
addition, subtraction, multiplication, and division. Remember to follow the order of operations. 


Example: 
Exercise: 


Problem: Simplify: @ (—2)* ® —24. 
Solution: 
Notice the difference in parts (a) and (b). In part (a), the exponent means to raise what is in 


the parentheses, the —2 to the 4" power. In part (b), the exponent means to raise just the 2 to 
the 4'" power and then take the opposite. 


@ 
(—2)" 
Write in expanded form. (—2) (—2) (—2) (—2) 
Multiply. 4 (—2) (—2) 
Multiply. —8 (—2) 
Multiply. 16 
© 
_94 
Write in expanded form. —(2-2-2-2) 
We are asked to find 
the opposite of 2’. 
Multiply. — (4-2-2) 
Multiply. — (8-2) 
Multiply. —16 
Note: 


Exercise: 


Problem: Simplify: @ (—3)* ® —3+. 
Solution: 


(a) 81 ©) —81 


Note: 
Exercise: 


Problem: Simplify: @ (—7)? © —7?. 
Solution: 


(a) 49 (6) —49 


The last example showed us the difference between 3) and —2*. This distinction is important to 
prevent future errors. The next example reminds us to multiply and divide in order left to right. 


Example: 
Exercise: 


Problem: Simplify: @ 8 (—9) + (—2)* © —30 + 2 + (—3) (—7). 


Solution: 
@ 

8 (—9) + (—2)° 
Exponents first. 8 (—9) + (-8) 
Multiply. —72 + (-—8) 
Divide. 9 
©) 

30022 (eso) 

Multiply and divide 
left to right, so divide first. 15 + (—3) (-7) 
Multiply. aloe | 


Add. 6 


Note: 
Exercise: 


Problem: Simplify: @) 12 (—9) + (—3)*® © —27 
Solution: 


@4© 21 


Note: 
Exercise: 


- 3+ (—5) (-6). 


Problem: Simplify: @ 18 (—4) + (—2)? ® —32 
Solution: 


@IOE 


Evaluate Variable Expressions with Integers 


+ 4+ (—2) (-7). 


Remember that to evaluate an expression means to substitute a number for the variable in the 
expression. Now we can use negative numbers as well as positive numbers. 


Example: 
Exercise: 


Problem: Evaluate 42? — 2xy + 3y? when x = 2,y = —1. 


Solution: 


Substitute x = 2, y=. Use parentheses 
to show multiplication. 


4x’ — 2xy + 3y’ 


4(2P - (2) |) + 3C- 


Simplify exponents. 4+4-(-4)+3°1 


Multiply. 16-(4) +3 
Subtract. 20+3 
Add. 23 
Note: 
Exercise: 


Problem: Evaluate: 3a? — 2xy + 6y* when x = 1, y = —2. 


Solution: 


Sil 


Note: 
Exercise: 


Problem: Evaluate: 4x? — xy + 5y? when « = —2, y = 3. 


Solution: 


67 


Translate Phrases to Expressions with Integers 


Our earlier work translating English to algebra also applies to phrases that include both positive 
and negative numbers. 


Example: 
Exercise: 


Problem: Translate and simplify: the sum of 8 and —12, increased by 3. 


Solution: 
the sum of 8 and —12 increased by 3 
Translate. [8+ (—12)]+3 
Simplify. Be careful not to confuse the (—4) +3 
brackets with an absolute value sign. 
Add. —1 
Note: 
Exercise: 


Problem: Translate and simplify the sum of 9 and —16, increased by 4. 


Solution: 


(9-- (=16)) 4 4-2 


Note: 
Exercise: 


Problem: Translate and simplify the sum of —8 and —12, increased by 7. 


Solution: 


(See) 


Use Integers in Applications 


We’ll outline a plan to solve applications. It’s hard to find something if we don’t know what we’re 
looking for or what to call it! So when we solve an application, we first need to determine what the 
problem is asking us to find. Then we’lI write a phrase that gives the information to find it. We’ll 
translate the phrase into an expression and then simplify the expression to get the answer. Finally, 
we summarize the answer in a sentence to make sure it makes sense. 


Example: 
How to Solve Application Problems Using Integers 
Exercise: 


Problem: 
The temperature in Kendallville, Indiana one morning was 11 degrees. By mid-afternoon, the 


temperature had dropped to —9 degrees. What was the difference in the morning and 
afternoon temperatures? 


11°C 


The difference of the morning 
and afternoon temperatures 


the difference of 11 and-9 


11-(-9) 


20 


The difference in temperatures 


was 20 degrees. 


Note: 
Exercise: 


Problem: 
The temperature in Anchorage, Alaska one morning was 15 degrees. By mid-afternoon the 


temperature had dropped to 30 degrees below zero. What was the difference in the morning 
and afternoon temperatures? 


Solution: 


The difference in temperatures was 45 degrees Fahrenheit. 


Note: 
Exercise: 


Problem: 


The temperature in Denver was —6 degrees at lunchtime. By sunset the temperature had 
dropped to —15 degrees. What was the difference in the lunchtime and sunset temperatures? 


Solution: 


The difference in temperatures was 9 degrees. 


Note: 
Use Integers in Applications. 


Readthe problem. Make sure all the words and ideas are understood. 
Identifywhat we are asked to find. 

Write a phrasethat gives the information to find it. 

Translatethe phrase to an expression. 

Simplifythe expression. 

Answerthe question with a complete sentence. 


Note: 
Access this online resource for additional instruction and practice with integers. 


e Subtracting Integers with Counters 


Key Concepts 


¢ Opposite Notation 
Equation: 


—a means the opposite of the number a 
The notation —a is read as “the opposite of a.” 


e Absolute Value 
The absolute value of a number is its distance from 0 on the number line. 
The absolute value of a number n is written as |n| and |n| > 0 for all numbers. 
Absolute values are always greater than or equal to zero. 
e Grouping Symbols 
Equation: 


Parentheses () Braces {} 
Brackets [| Absolute value | | 


e Subtraction Property 
a—b=a+(-b) 
Subtracting a number is the same as adding its opposite. 
¢ Multiplication and Division of Signed Numbers 
For multiplication and division of two signed numbers: 


Same signs Result 
* Two positives Positive 
° Two negatives Positive 


If the signs are the same, the result is positive. 


Different signs Result 
* Positive and negative Negative 


¢ Negative and positive Negative 


If the signs are different, the result is negative. 
e¢ Multiplication by —1 
—la=-a 
Multiplying a number by —1 gives its opposite. 
¢ How to Use Integers in Applications. 


Readthe problem. Make sure all the words and ideas are understood 
Identifywhat we are asked to find. 

Write a phrasethat gives the information to find it. 

Translatethe phrase to an expression. 

Simplifythe expression. 

Answerthe question with a complete sentence. 


Practice Makes Perfect 
Simplify Expressions with Absolute Value 


In the following exercises, fill in <, >, or = for each of the following pairs of numbers. 
Exercise: 


i= 
®)6__ —|-6| 
©|11|\_---at 
Problem: () — (—13) ___ — |—13] 
Solution: 
@>O>©>@> 
Exercise: 
(@ —|—-9| ___|-9| 
®—-8s___|-8| 
© |-1|____ -1 
Problem: () — (—14) ___ — |—-14| 


Exercise: 


@ —|2| __—|-2| 


O12 = |-1 
© |-3| ___ -3 
Problem: (@) |—19| ___ — (—19) 
Solution: 
@=0®=©>@= 
Exercise: 
@)=|<4) 2 = [4] 
()5__ —|-5| 
© |=10(_ = =10 
Problem: (@) — |—0| ___ — (—0) 


In the following exercises, simplify. 
Exercise: 


Problem: |15 — 7| — |14 — 6| 


Solution: 


0 


Exercise: 


Problem: |17 — 8| — |13 — 4| 


Exercise: 
Problem: 18 — |2 (8 — 3)| 


Solution: 


8 


Exercise: 


Problem: 15 — |3(8 — 5)| 


Exercise: 


Problem: 18 — |12 — 4(4—1) +3] 


Solution: 


15 


Exercise: 


Problem: 27 — |19 + 4(3 — 1) —7| 


Exercise: 


Problem: 10 — 3|9 — 3(3 — 1)| 


Solution: 


1 


Exercise: 


Problem: 13 — 2|11 — 2(5 — 2)| 


Add and Subtract Integers 


In the following exercises, simplify each expression. 
Exercise: 


@ -7 + (-4) 
© -7+44 
Problem: (©) 7 + (—4). 
Solution: 
@-11®-3©3 
Exercise: 
(@) —5 + (-9) 
(6) —5+9 
Problem: (©) 5 + (—9) 
Exercise: 


Problem: 48 + (—16) 


Solution: 


32 


Exercise: 


Problem: 34 + (—19) 


Exercise: 


Problem: —14 + (—12) +4 
Solution: 
—22 


Exercise: 


Problem: —17 + (—18) +6 
Exercise: 
Problem: 19 + 2 (—3 + 8) 


Solution: 
29 


Exercise: 


Problem: 24 + 3(—5 + 9) 


Exercise: 


@13-—7 
= -7) 
©1387 


Problem: (@) 13 — (—7) 


Solution: 


@6® —6 © —20@ 20 


Exercise: 


(a) 15-8 
©) —15 — (+8) 
©-15-8 


Problem: () 15 — (—8) 


Exercise: 


Problem: —17 — 42 


Solution: 


—59 


Exercise: 


Problem: —58 — (—67) 


Exercise: 


Problem: —14 — (—27) +9 


Solution: 


22 


Exercise: 


Problem: 64 + (—17) — 9 


Exercise: 


Problem: (@) 44 — 28 (6) 44 + (—28) 


Solution: 


(a) 16 (6/16 


Exercise: 


Problem: (@) 35 — 16 (6) 35 + (—16) 


Exercise: 


Problem: (@) 27 — (—18) (6) 27 + 18 


Solution: 


(a) 45 (6/45 


Exercise: 


Problem: (@) 46 — (—37) © 46 + 37 


Exercise: 


Problem: (2 — 7) — (3 — 8) 


Solution: 


0 


Exercise: 


Problem: (1 — 8) — (2 — 9) 


Exercise: 


Problem: — (6 — 8) — (2 — 4) 


Solution: 


4 


Exercise: 


Problem: — (4 — 5) — (7 — 8) 


Exercise: 


Problem: 25 — [10 — (3 — 12)| 
Solution: 


6 


Exercise: 
Problem: 32 — [5 — (15 — 20)| 


Multiply and Divide Integers 


In the following exercises, multiply or divide. 
Exercise: 


(@) —4-8 

© 13(—5) 

© -24+6 
Problem: (1) —52 + (—4) 


Solution: 


(a) -32 © -—65 © —4 
@ 13 


Exercise: 


Problem: 


Exercise: 


Qooeecs 
(180 + 15 
© 3(—13) 
Problem: () —1 (—14) 
Solution: 
(@) —4(® —12 © —39 
@ 14 
Exercise: 
(@) —36 +4 
(192 = 19 
© 9(—7) 


Problem: () —1 (—19) 


Simplify and Evaluate Expressions with Integers 


In the following exercises, simplify each expression. 
Exercise: 


Problem: (a) (—2)° (6) —2° 
Solution: 


(a) 64 (© —64 


Exercise: 


Problem: (@) (—3)’ (6) —3° 


Exercise: 
Problem: 5 (—6) + 7(—2) —3 


Solution: 


—A7 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 
90 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 
9 


Exercise: 


Problem: 
Exercise: 
Problem: 


Solution: 
41 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


—9 


Exercise: 


—4 (—6) (3) 


= 11) 0=19) 


@=11)(8=49) 


26 — 3(2—7) 


23 — 2(4—6) 


65 + (—5) + (—28) = 


Problem: 52 + (—4) + (—32) 


Exercise: 


Problem: 9 — 2 [3 — 8 (—2)| 


Solution: 


—29 


Exercise: 


Problem 


Exercise: 


Problem 


:11—3[7—4(-2)] 


~ (—8) 


:8—|2—4(4-1) +3] 


Solution: 


iL 


Exercise: 


Problem: 


Exercise: 


7—|5 


3(4 


Problem: 9 — 3 |2 (2 — 6) — (3 — 7)| 


Solution: 


—3 


Exercise: 


Problem: 5 — 2 |2 (1 — 4) — (2—5)| 


Exercise: 


Problem: 


(—3)? 


24 = 


Solution: 


5 


Exercise: 


Problem: (—4)* 


32 


(8 


2) 


+ (12 


In the following exercises, evaluate each expression. 
Exercise: 


y + (—14) when 
Problem: (@) y = —33 (6) y = 30 


Solution: 


(@ —47 © 16 


Exercise: 


z + (—21) when 
Problem: (@) « = —27 (0) « = 44 


Exercise: 


(x + y) when 
Problem: xz = —3,y = 14 


Solution: 
121 
Exercise: 
(y + z)? when 
Problem: y = —3,z= 15 
Exercise: 


9a — 2b — 8 when 
Problem: a = —6 and b = —3 


Solution: 
—56 


Exercise: 


7m — 4n — 2 when 
Problem: m = —4 andn = —9 


Exercise: 


3x2 — Ary + 2y? when 
Problem: z = —2,y = —3 


Solution: 


6 


Exercise: 


Ax? — gy + 3y? when 
Problem: z = —3,y = —2 


Translate English Phrases to Algebraic Expressions 


In the following exercises, translate to an algebraic expression and simplify if possible. 
Exercise: 


Problem: the sum of 3 and —15, increased by 7 


Solution: 


Ga 15) ees 


Exercise: 


Problem: the sum of —8 and —9, increased by 23 


Exercise: 


(a) the difference of 10 and —18 
Problem: (6) subtract 11 from —25 


Solution: 
(a) 10 — (—18); 28 
(®)—25 — 11; —36 


Exercise: 


(a) the difference of —5 and —30 
Problem: (6) subtract —6 from —13 


Exercise: 


Problem: the quotient of —6 and the sum of a and b 


Solution: 


—6 
a+b 


Exercise: 


Problem: the product of —13 and the difference of c and d 


Use Integers in Applications 
In the following exercises, solve. 
Exercise: 
Problem: 
Temperature On January 15, the high temperature in Anaheim, California, was 84°. That 


same day, the high temperature in Embarrass, Minnesota, was —12°. What was the difference 
between the temperature in Anaheim and the temperature in Embarrass? 


Solution: 


96° 
Exercise: 
Problem: 
Temperature On January 21, the high temperature in Palm Springs, California, was 89°, and 


the high temperature in Whitefield, New Hampshire, was —31°. What was the difference 
between the temperature in Palm Springs and the temperature in Whitefield? 


Exercise: 
Problem: 
Football On the first down, the Chargers had the ball on their 25-yard line. On the next three 


downs, they lost 6 yards, gained 10 yards, and lost 8 yards. What was the yard line at the end 
of the fourth down? 


Solution: 


ZI 
Exercise: 
Problem: 
Football On the first down, the Steelers had the ball on their 30-yard line. On the next three 


downs, they gained 9 yards, lost 14 yards, and lost 2 yards. What was the yard line at the end 
of the fourth down? 


Exercise: 


Problem: 


Checking Account Mayra has $124 in her checking account. She writes a check for $152. 
What is the new balance in her checking account? 


Solution: 


—$28 
Exercise: 


Problem: 


Checking Account Reymonte has a balance of —$49 in his checking account. He deposits 
$281 to the account. What is the new balance? 


Writing Exercises 


Exercise: 


Problem: Explain why the sum of —8 and 2 is negative, but the sum of 8 and —2 is positive. 
Solution: 


Answers will vary. 


Exercise: 


Problem: Give an example from your life experience of adding two negative numbers. 


Exercise: 


Problem: In your own words, state the rules for multiplying and dividing integers. 
Solution: 


Answers will vary. 


Exercise: 


Problem: Why is —4° = (—4)°? 


Self Check 


(a) After completing the exercises, use this checklist to evaluate your mastery of the objectives of 
this section. 


use integers in applications. 


(6) After reviewing this checklist, what will you do to become confident for all objectives? 


Glossary 


absolute value 
The absolute value of a number is its distance from 0 on the number line. 


integers 
The whole numbers and their opposites are called the integers. 


negative numbers 
Numbers less than 0 are negative numbers. 


opposite 
The opposite of a number is the number that is the same distance from zero on the number line 
but on the opposite side of zero. 


Fractions 
By the end of this section, you will be able to: 


¢ Simplify fractions 

¢ Multiply and divide fractions 

e Add and subtract fractions 

¢ Use the order of operations to simplify fractions 
e Evaluate variable expressions with fractions 


Note: 
A more thorough introduction to the topics covered in this section can be found in the Elementary 
Algebra chapter, Foundations. 


Simplify Fractions 


A fraction is a way to represent parts of a whole. The fraction 2 represents two of three equal parts. 
See [link]. In the fraction 2, the 2 is called the numerator and the 3 is called the denominator. The 
line is called the fraction bar. 


In the 


circle, 
2 of 
the 
circle is 
shaded 
—2 of 
the 3 
equal 
parts. 


Note: 

Fraction 

A fraction is written +, where b # 0 and 

a is the numerator and b is the denominator. 


A fraction represents parts of a whole. The denominator b is the number of equal parts the whole has 
been divided into, and the numerator a indicates how many parts are included. 


Fractions that have the same value are equivalent fractions. The Equivalent Fractions 


Property allows us to find equivalent fractions and also simplify fractions. 


Note: 

Equivalent Fractions Property 

If a, b, and c are numbers where b 4 0,c £ 0, 
then = = 7 and [= =. 


A fraction is considered simplified if there are no common factors, other than 1, in its numerator and 
denominator. 


For example, 


2 is simplified because there are no common factors of 2 and 3. 


it is not simplified because 5 is a common factor of 10 and 15. 
We simplify, or reduce, a fraction by removing the common factors of the numerator and 
denominator. A fraction is not simplified until all common factors have been removed. If an 


expression has fractions, it is not completely simplified until the fractions are simplified. 


Sometimes it may not be easy to find common factors of the numerator and denominator. When this 
happens, a good idea is to factor the numerator and the denominator into prime numbers. Then divide 
out the common factors using the Equivalent Fractions Property. 


Example: 
How To Simplify a Fraction 
Exercise: 


Problem: Simplify: 38. 


Solution: 


Rewrite 315 and 770 as the 
product of the primes. 


Mark the common factors 5 and _ 323237 
7. 2°2*7°11 
Divide out the common factors = 2 = 


Note: 
Exercise: 


Problem: Simplify: 2. 


Solution: 


Note: 
Exercise: 


Problem: Simplify: — i. 


Solution: 


| 
olan 


We now summarize the steps you should follow to simplify fractions. 


Note: 
Simplify a fraction. 


Rewrite the numerator and denominator to show If needed, factor the numerator and denominator 
the common factors. into prime numbers first. 


Simplify using the Equivalent Fractions Property by dividing out common factors. 
Multiply any remaining factors. 


Multiply and Divide Fractions 
Many people find multiplying and dividing fractions easier than adding and subtracting fractions. 


To multiply fractions, we multiply the numerators and multiply the denominators. 


Note: 

Fraction Multiplication 

If a, b, c, and d are numbers where b ¥ 0, and d F 0, then 
Equation: 


To multiply fractions, multiply the numerators and multiply the denominators. 


When multiplying fractions, the properties of positive and negative numbers still apply, of course. It 
is a good idea to determine the sign of the product as the first step. In [link], we will multiply negative 
and a positive, so the product will be negative. 


When multiplying a fraction by an integer, it may be helpful to write the integer as a fraction. Any 


integer, a, can be written as i So, for example, 3 = 3, 


Example: 
Exercise: 
Problem: Multiply: —-2 (—20z). 


Solution: 


The first step is to find the sign of the product. Since the signs are the same, the product is 
positive. 


12 
=. (-20x) 


Determine the sign of the product. The signs 
are the same, so the product is positive. a (20x) 


Write 20x as a fraction. 


Multiply. ae 
Rewrite 20 to show the common factor 5 12°4*3+x 
and divide it out. +1 
Simplify. 48x 
Note: 
Exercise: 


Problem: Multiply: ss (—9a). 


Solution: 


—33a 


Note: 
Exercise: 


Problem: Multiply: + (—14). 


Solution: 


—26b 


Now that we know how to multiply fractions, we are almost ready to divide. Before we can do that, 
we need some vocabulary. The reciprocal of a fraction is found by inverting the fraction, placing the 
numerator in the denominator and the denominator in the numerator. The reciprocal of 2 is 3, Since 


4 is written in fraction form as 4, the reciprocal of 4 is t. 


To divide fractions, we multiply the first fraction by the reciprocal of the second. 


Note: 

Fraction Division 

If a, b, c, and d are numbers where b  0,c 4 0, and d ¥ 0, then 
Equation: 


Fou eh ee 


To divide fractions, we multiply the first fraction by the reciprocal of the second. 


We need to say b # 0, c £ 0, and d ¥ 0, to be sure we don’t divide by zero! 


Example: 
Exercise: 
Problem: Find the quotient: -<# = (—4r)- 
Solution: 
ear (33) 
18 27 
To divide, multiply the first fraction by the Ls ( 27 ) 
reciprocal of the second. 18\ 14 
Determine the sign of the product, and 7°27 
then multiply. 18°14 
Rewrite showing common factors 7-9-3 
/ *2°7*2 


Remove common factors. 


2°2 
Simplify. ; 
Note: 
Exercise: 


Problem: Divide: ie — (-#). 


Solution: 


4 


15 


Note: 
Exercise: 


Problem: Divide: —2 _ (-33). 


Solution: 


eo|bo 


The numerators or denominators of some fractions contain fractions themselves. A fraction in which 
the numerator or the denominator is a fraction is called a complex fraction. 


Note: 
Complex Fraction 
A complex fraction is a fraction in which the numerator or the denominator contains a fraction. 


Some examples of complex fractions are: 
Equation: 


olen | |e0 
alan | w/a 


To simplify a complex fraction, remember that the fraction bar means division. For example, the 


Ei 
complex fraction -+ means oe Be 
3 LR 


Example: 
Exercise: 


R}ruje 


Problem: Simplify: 


ar. 
6 

Solution: 

z 

zy 

6 
Rewrite as division. ao a 
Multiply the first fraction by the reciprocal of the second. o = 
Multiply. SS 
Look for common factors. Zt 

xy 

Divide common factors and simplify. 2 


Note: 
Exercise: 


i 
8 


Problem: Simplify: —-. 
o 


Solution: 


3. 
4b 


Note: 
Exercise: 


c[ghots 


Problem: Simplify: 


Solution: 


4 
q 


Add and Subtract Fractions 


When we multiplied fractions, we just multiplied the numerators and multiplied the denominators 
right straight across. To add or subtract fractions, they must have a common denominator. 


Note: 

Fraction Addition and Subtraction 

If a, b, and c are numbers where c ¥ 0, then 
Equation: 


a b a+b a 0b a—b 
Sap SS 200) SS SS 
Cc Cc Cc Cc Cc Cc 


To add or subtract fractions, add or subtract the numerators and place the result over the common 
denominator. 


The least common denominator (LCD) of two fractions is the smallest number that can be used as a 
common denominator of the fractions. The LCD of the two fractions is the least common multiple 
(LCM) of their denominators. 


Note: 
Least Common Denominator 


The least common denominator (LCD) of two fractions is the least common multiple (LCM) of 
their denominators. 


After we find the least common denominator of two fractions, we convert the fractions to equivalent 
fractions with the LCD. Putting these steps together allows us to add and subtract fractions because 
their denominators will be the same! 


Example: 
How to Add or Subtract Fractions 
Exercise: 


Problem: Add: — ++ =: 


Solution: 


12=2°2°3 
18=2* 3:3 
LCD =2°2°3°3 
Find the LCD of 12, 18. LCD = 36 


We multiply the numerator and 
denominator of each fraction by 
the factor needed to get the 
denominator to be 36. Do not 
simplify the equivalent fractions! 
If you do, you'll get back to the 
original fractions and lose the 
common denominator! 


Add. 31 


Since 31 is prime, its only factors 
are 1 and 31. Since 31 does not 


go into 36, the answer is 
simplified. 


Note: 
Exercise: 


Problem: Add: 55 + +4. 
Solution: 


9 
60 


Note: 
Exercise: 


O » ss av (A 
Problem: Add: ah 1 og 


Solution: 


103 
60 


Note: 
Add or subtract fractions. 


Do they have a common 
denominator? o Yes—go to step 2. 


o No—rewrite each fraction with the LCD (least common 
denominator). 


# Find the LCD. 


= Change each fraction into an equivalent fraction with the 
LCD as its denominator. 


Add or subtract the fractions. 
Simplify, if possible. 


We now have all four operations for fractions. [link] summarizes fraction operations. 


Fraction Multiplication Fraction Division 

DE oy Ee a@.-cHeHaid 

bd” td bd bc 

Multiply the numerators and multiply the Multiply the first fraction by the reciprocal of 
denominators the second. 

Fraction Addition Fraction Subtraction 

a4 b _ atb a@_ b _ a-b 

Cc + c.0O Cc c.60O 
Add the numerators and place the sum Subtract the numerators and place the difference 
over the common denominator. over the common denominator. 


To multiply or divide fractions, an LCD is NOT needed. 
To add or subtract fractions, an LCD is needed. 


When starting an exercise, always identify the operation and then recall the methods needed for that 
operation. 


Example: 
Exercise: 


6 tare 5x 3 5a 3 
Problem: Simplify: (@) 7 io eG 


Solution: 


First ask, “What is the operation?” Identifying the operation will determine whether or not we 
need a common denominator. Remember, we need a common denominator to add or subtract, 
but not to multiply or divide. 


(@) 


What is the operation? The operation is subtraction. 


Do the fractions have a common denominator? No. Sz — + 
Find the LCD of 6 and 10 The LCD is 30. 
Gaia 
_10=2-5_ 
LED = 2375 
LCD = 30 
Rewrite each fraction as an equivalent fraction with the LCD. Bes _ nea 
2 
30 30 
Subtract the numerators and place the eG 
30 


difference over the common denominators. 


Simplify, if possible. There are no common factors. 
The fraction is simplified. 


©) 

F é ae 2 25 g 
What is the operation? Multiplication. ea 
To multiply fractions, multiply the numerators ob a3 
and multiply the denominators. oe 
Rewrite, showing common factors. Fea 4 
Remove common factors. 2-28 
Simplify. a 

: 25 3 eal Dhar 38 

Notice, we needed an LCD to add “<* — 35, but not to multiply “¢* - 37. 


Note: 
Exercise: 


Sete: Pe oats 3a 8 3a 8 
Problem: Simplify: @) ri (Bae. 8. 


Solution: 


27Ta—32 2a 
36 © 3 


Note: 
Exercise: 


i 


5 Re Aen — Il 4k, 
Problem: Simplify: (@) 5 OO. 


Solution: 


24k—5 2k 
(a) 30 Os 


Use the Order of Operations to Simplify Fractions 


The fraction bar in a fraction acts as grouping symbol. The order of operations then tells us to 
simplify the numerator and then the denominator. Then we divide. 


Note: 
Simplify an expression with a fraction bar. 


Simplify the expression in the numerator. Simplify the expression in the denominator. 
Simplify the fraction. 


Where does the negative sign go in a fraction? Usually the negative sign is in front of the fraction, but 
you will sometimes see a fraction with a negative numerator, or sometimes with a negative 
denominator. Remember that fractions represent division. When the numerator and denominator have 
different signs, the quotient is negative. 

Equation: 


—1 1 negative . 
= SSS —..— = negative 
3 3 positive 


Equation: 


1 1 positive ; 
Sn ———.— = negative 
—3 3 negative 


Note: 
Placement of Negative Sign in a Fraction 
For any positive numbers a and b, 


Equation: 

—a a) a _ 

b =6-bO 
Example: 
Exercise: 


Problem: Simplify: eras 


Solution: 


The fraction bar acts like a grouping symbol. So completely simplify the numerator and the 
denominator separately. 


4(=3)+6(=2) 
Big) 

Multiply. ee 
Guanine = 
Divide. 3 

Note: 

Exercise: 
Problem: Simplify: [Sa 
Solution: 
4 


Note: 


Exercise: 


Problem: Simplify: es : 


Solution: 


2. 


Now we’ll look at complex fractions where the numerator or denominator contains an expression that 
can be simplified. So we first must completely simplify the numerator and denominator separately 


using the order of operations. Then we divide the numerator by the denominator as the fraction bar 
means division. 


Example: 


How to Simplify Complex Fractions 
Exercise: 


al 2 
Problem: Simplify: {ay 


Solution: 


Note: 
Exercise: 


(3) 


Problem: Simplify: =3> 


2342 ° 
Solution: 
cal. 
90 
Note: 
Exercise: 
ieee 


Problem: Simplify: (hy? 
ze 


Solution: 


He 


Note: 
Simplify complex fractions. 


Simplify the numerator. 
Simplify the denominator. 
Divide the numerator by the denominator. Simplify if possible. 


Example: 
Exercise: 


Problem: Simplify: 


Solution: 


It may help to put parentheses around the numerator and the denominator. 


— 
N[e 
\ 

T 
wr 
a 


ak [FR 
Se 


(t 
Simplify the numerator (LCD = 6) and (3 
simplify the denominator (LCD = 12). (a 


e 
sis 
7 


Simplify. 


Divide the numerator by the denominator. 


Simplify. 


Divide out common factors. 
071 
2; 


Simplify. 


Note: 
Exercise: 


Problem: Simplify: 


Solution: 


2 


Note: 
Exercise: 


Problem: Simplify: 


Solution: 


2 
7 


Evaluate Variable Expressions with Fractions 
We have evaluated expressions before, but now we can evaluate expressions with fractions. 


Remember, to evaluate an expression, we substitute the value of the variable into the expression and 
then simplify. 


Example: 


Exercise: 


Problem: Evaluate 2z?y when x = 


Solution: 


Substitute the values into the expression. 


Substitute + for x and é for y. 


Simplify exponents first. 


Multiply; divide out the common factors. 
Notice we write 16 as 2 - 2 - 4 to make it easy to 


remove common factors. 


Simplify. 


Note: 
Exercise: 


Problem: Evaluate 3ab” when a = — 


Solution: 


| 
doe 


dele 


Note: 
Exercise: 


Problem: Evaluate 4c?d when c = —= add = — 


oo |S 


Solution: 


eo|to 


Note: 
Access this online resource for additional instruction and practice with fractions. 


e Adding Fractions with Unlike Denominators 


Key Concepts 


¢ Equivalent Fractions Property 
If a, b, and c are numbers where b # 0,c # 0, then 
@_ GC png ae _ a 
b bc bec b* 
¢ How to simplify a fraction. 


Rewrite the numerator and denominator to If needed, factor the numerator and denominator 
show the common factors. into prime numbers first. 

Simplify using the Equivalent Fractions Property by dividing out common factors. 

Multiply any remaining factors. 


¢ Fraction Multiplication 
If a, b, c, and d are numbers where b + 0, and d ¥ 0, then 


c ac 


ba te" 
To multiply fractions, multiply the numerators and multiply the denominators. 
¢ Fraction Division 


If a, b, c, and d are numbers where b 4 0,c 4 0, andd ¥ 0, then 
a@.c_aed 
b* db c* 
To divide fractions, we multiply the first fraction by the reciprocal of the second. 
¢ Fraction Addition and Subtraction 
If a, b, and c are numbers where c ¥ 0, then 
a b _ a+b a b _ a-—b 
cte= — Sle =e: 
To add or subtract fractions, add or subtract the numerators and place the result over the 
common denominator. 


e How to add or subtract fractions. 


Do they have a common 
denominator? » Yes—go to step 2. 


=» No—rewrite each fraction with the LCD (least common 
denominator). 


» Find the LCD. 
= Change each fraction into an equivalent fraction with the 
LCD as its denominator. 


Add or subtract the fractions. 
Simplify, if possible. 


How to simplify an expression with a fraction bar. 


Simplify the expression in the numerator. Simplify the expression in the denominator. 
Simplify the fraction. 


Placement of Negative Sign in a Fraction 
For any positive numbers a and b, 


-a_ ai ___a 
—b 


b ae 
How to simplify complex fractions. 
Simplify the numerator. 


Simplify the denominator. 
Divide the numerator by the denominator. Simplify if possible. 


Practice Makes Perfect 


Simplify Fractions 


In the following exercises, simplify. 


Exercise: 
- — 108 
Problem: 63 
Solution: 
_ 12 
7 
Exercise: 
. — 104 
Problem: 48 
Exercise: 
. 120 
Problem: 355, 


Solution: 


10 


21 
Exercise: 
. 182 
Problem: Or 
Exercise: 
2. 
Problem: “2 
2ly 
Solution: 
20? 
3y 
Exercise: 
. 24a 
Problem: sR 
Exercise: 
. _ 2100? 
Problem: — +5555 
Solution: 
_ 21a? 
11b? 
Exercise: 
. _ 30x? 
Problem: 10577 


Multiply and Divide Fractions 


In the following exercises, perform the indicated operation. 
Exercise: 


Problem: 3 (- 5) 


Solution: 


1 


3 
Exercise: 


. 3 
Problem: == oe 


Exercise: 


Problem: (-+) (3) 


Solution: 


— 21 
50 


Exercise: 


Problem: (-3) ( 


Exercise: 


Problem: 


Solution: 


i 
30 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


9n 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


33. 
Ax 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


i) 
W]OT 
— 


(—s1) (—a9 


(— 0) (-as 


3, 

7 21n 
5a, 

7 30m 
3. z 
aes 
2. Y 

5 9 
3+(-? 
18 24 


4 


9 
Exercise: 


Problem: —— ~ (—14) 


18 27 
Exercise: 
, Su. Lav 
Problem: 57 + “3: 
Solution: 
10u 
9u 
Exercise: 
, Lar . 18s 
Problem: ors TB 
Exercise: 


Problem: 3 su( 219) 
Solution: 


16 


Exercise: 
Problem: —15 + (—3) 


In the following exercises, simplify. 
Exercise: 


8 
Problem: —2 
35. 

Solution: 

_— 10 
9 
Exercise: 

=, 
16 


Problem: — 


Exercise: 


Problem: > 


Solution: 


| 
op 


Exercise: 


Problem: 


F]oolor 
5+ 


Exercise: 


3 
3 


[+ 


Problem: 


v/s 


Solution: 


2m 
3n 


Exercise: 


Problem: — 


Add and Subtract Fractions 


In the following exercises, add or subtract. 
Exercise: 


Problem: — + 2 


Solution: 
29 
24 
Exercise: 


. 3 
Problem: i tS 


Exercise: 


Problem: a5 ag 


Solution: 


pe 
48 


Exercise: 


Problem: 16 


Exercise: 


Problem: 
Solution: 


17 
105 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 

ml 

12 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


4r4+3 
12 


Exercise: 


Problem: 


Exercise: 


138 4 25 
30 + “49 
O85 Be 
30 + a8 
5 Dy. 
56 35 
ee Sg 
49 35 
2 
4-(- 
3 
$-(- 
a 
sae 
eg 
4 


2 i 
@ 3 + % 
Problem: (6) 2 ie 4 
Solution: 
@264 
Exercise: 
2 1 
a) = eS SS 
ae 
Problem: (6) — = - > 
Exercise: 
5n . 8 
@ 6 ° 1b 
Problem: (b) 22 — & 
6 15 
Solution: 
25n (p) 25n—16 
16 © 30 
Exercise: 
@ 34 + 7 
go 1D 
Problem: (6) 4 — = 
Exercise: 
4a 5 
CG) ) a SE ee 
@ 9 6 
Problem: (b) —  . 2 
Solution: 
(a) =82a15 _ 10k 
18 o7 
Exercise: 
3y 4 
Problem: (6) — = - 4 


Exercise: 


@-#+(-#) 


Solution: 


@ aa!) Oa 


Exercise: 
2b 8 
(a) ae 
Problem: (b) 2 + = 


Use the Order of Operations to Simplify Fractions 


In the following exercises, simplify. 


Exercise: 
. 5:6—3-4 
Problem: 7-3 
Solution: 
9 
7 
Exercise: 
. 89-76 
Problem: ——,5 
Exercise: 
52_32 


Problem: 35" 


Solution: 


—8 


Exercise: 


Problem: 


Exercise: 


7-4—2(8—5) 


Problem: 793-35. 


Solution: 


di 
6 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


5 


2 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


54 


Exercise: 


9-7—3(12—8) 
8-7-6-6 


Problem: 2“—- 


Exercise: 


Problem: 


Solution: 


ry 
25 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


15 
4 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


oh 
21 


Exercise: 


Problem: 


Mixed Practice 


In the following exercises, simplify. 
Exercise: 


Problem: —2 ~ (-4) 


Solution: 


5 


4 


Exercise: 


Problem: _ 3 ee (—4) 


Exercise: 


Problem: —3 af Be 


Solution: 


= 
24 


Exercise: 


. 1 7 
Problem: ae 


Exercise: 


Problem: 


Solution: 


—28—15y 
60 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


33 
64 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


7 


9 
Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 
—5 


Exercise: 


Problem: 


Exercise: 


Problem: 3 = 7 ns 3 


Solution: 


23 
24 


Exercise: 


2 5 3 
Problem: = + 3 — > 


Exercise: 
Problem: 12 (+ _ 4) 


Solution: 
a 
5 


Exercise: 


oe) 
— 
Ble 
on 
| 
alo 
—— 


Problem: 


Exercise: 


Problem: 


Solution: 


1 


Exercise: 


Problem: 
Exercise: 
Pa i) 1 7 2 1 
Problem: (2 ai *) cA (2 a 1) 
Solution: 


13 
3 


Exercise: 
Problem: (+ + +) + (= —- $) 


Evaluate Variable Expressions with Fractions 


In the following exercises, evaluate. 
Exercise: 


Problem: (a) w = + (©) w = —4 


Solution: 
i 6 
@103 
Exercise: 
3 h 
ty — w when 
Problem: (@) w = | ©) w=-4 
Exercise: 
2a7y? when 
en can SDR of 2h 
Problem: z = Fi and y = 5 
Solution: 
=. 
9 
Exercise: 
8u2v? when 
Problem: u = —4 and v = -+ 
Exercise: 
we when 
= 


Problem: a = —3,b = 8 


Solution: 
2 
11 
Exercise: 
Tr—s 
ae when 


Problem: r = 10, s = —5 


Writing Exercises 


Exercise: 


Problem: Why do you need a common denominator to add or subtract fractions? Explain. 


Solution: 
Answers will vary. 


Exercise: 


Problem: How do you find the LCD of 2 fractions? 


Exercise: 


Problem: Explain how you find the reciprocal of a fraction. 


Solution: 
Answers will vary. 


Exercise: 


Problem: Explain how you find the reciprocal of a negative number. 


Self Check 


(a) After completing the exercises, use this checklist to evaluate your mastery of the objectives of this 
section. 


simplify fractions. 


mil and divide actions Ce — 


add and subtract fractions. —_——,£ —_ =—t—é=zd 


use the order of operations to simplify 
fractions. 
evaluate variable expressions with fractions. cy ——tsid 


(6) What does this checklist tell you about your mastery of this section? What steps will you take to 
improve? 


Glossary 


complex fraction 
A fraction in which the numerator or the denominator is a fraction is called a complex fraction. 


denominator 


In a fraction, written +, where b 4 0, the denominator b is the number of equal parts the whole 
has been divided into. 


equivalent fractions 
Equivalent fractions are fractions that have the same value. 


fraction 
A fraction is written +, where b 4 0, and a is the numerator and b is the denominator. A 


fraction represents parts of a whole. 


least common denominator 
The least common denominator (LCD) of two fractions is the least common multiple (LCM) of 
their denominators. 


numerator 
In a fraction, written +, where b 4 0, the numerator a indicates how many parts are included. 


reciprocal 
The reciprocal of a fraction is found by inverting the fraction, placing the numerator in the 
denominator and the denominator in the numerator. 


Decimals 
By the end of this section, you will be able to: 


e Round decimals 

e Add and subtract decimals 

e Multiply and divide decimals 

¢ Convert decimals, fractions, and percents 

e Simplify expressions with square roots 

e Identify integers, rational numbers, irrational numbers, and real numbers 
e Locate fractions and decimals on the number line 


Note: 
A more thorough introduction to the topics covered in this section can be found in the 
Elementary Algebra chapter, Foundations. 


Round Decimals 


Decimals are another way of writing fractions whose denominators are powers of ten. 
Equation: 


0.1 = + is “one tenth” 
0.01 = str is “one hundredth” 
0.001 = Sn is “one thousandth” 
0.0001 = eat is “one ten-thousandth” 


Just as in whole numbers, each digit of a decimal corresponds to the place value based on the 
powers of ten. [link] shows the names of the place values to the left and right of the decimal 
point. 


Place Value 


-thousandths 


-thousandths 


u“ 

no] 

5 |v 
3\e 
£18 
“iS 
cj;o 
vic 
4 | = 


Hundredths 


ie Thousandths 


“ 
s) 
& 
a 
5 
° 
= 
‘= 
E 
3 
c 
| 
x= 


When we work with decimals, it is often necessary to round the number to the nearest required 
place value. We summarize the steps for rounding a decimal here. 


Note: 
Round decimals. 


Locate the given place value and mark it with an arrow. 
Underline the digit to the right of the place value. 
Is the underlined digit greater than or equal 
to 5? o Yes: add 1 to the digit in the given place value. 
© No: do not change the digit in the given place 
value 


Rewrite the number, deleting all digits to the right of the rounding digit. 


Example: 
Exercise: 


Problem: Round 18.379 to the nearest (a) hundredth (6) tenth ©) whole number. 
Solution: 
Round 18.379. 


(a) to the nearest hundredth 


hundredths place 
Locate the hundredths place with an arrow. 


18.379 


hundredths place 
Underline the digit to the right of the given | 


place value. 
18.379 


Because 9 is greater than or equal to 5, add 1 to 


the 7. 18,379 


A delete 


add 1 
Rewrite the number, deleting all digits to the 18.38 
right of the rounding digit. , 
Notice that the deleted digits were NOT So, 18.379 rounded to the 
replaced with zeros. nearest hundredth is 18.38. 


(6) to the nearest tenth 


tenths place 
Locate the tenths place with an arrow. | 
18.379 


tenths place 
Underline the digit to the right of the | 


given place value. 


18.379 

18.379 
Because 7 is greater than or equal to 5, y, KA 
add 1 to the 3. aan delete 
Rewrite the number, deleting all digits to 

; : Hee 18.4 

the right of the rounding digit. 
Notice that the deleted digits were NOT So, 18.379 rounded to the 
replaced with zeros. nearest tenth is 18.4. 


(C) to the nearest whole number 


Locate the ones place with an 
arrow. 


Underline the digit to the right of the 
given place value. 


Since 3 is not greater than or equal to 5, 
do not add 1 to the 8. 


Rewrite the number, deleting all digits to 
the right of the rounding digit. 


Note: 
Exercise: 


ones place 


18.379 


ones place 


18.379 


18.379 
delete 
do not add 1 


18 


So, 18.379 rounded to the 
nearest whole number is 18. 


Problem: Round 6.582 to the nearest (@) hundredth (6) tenth ©) whole number. 


Solution: 


(@) 6.58 ©) 6.6 © 7 


Note: 
Exercise: 


Problem: Round 15.2175 to the nearest (a) thousandth (6) hundredth (C) tenth. 


Solution: 


(a) 15.218 (6) 15.22 
(©) 15.2 


Add and Subtract Decimals 


To add or subtract decimals, we line up the decimal points. By lining up the decimal points this 
way, we can add or subtract the corresponding place values. We then add or subtract the numbers 
as if they were whole numbers and then place the decimal point in the sum. 


Note: 
Add or subtract decimals. 


Determine the sign of the sum or difference. 

Write the numbers so the decimal points line up vertically. 

Use zeros as placeholders, as needed. 

Add or subtract the numbers as if they were decimal point in the answer under the decimal 
whole numbers. Then place the points in the given numbers. 

Write the sum or difference with the appropriate sign. 


Example: 
Exercise: 


Problem: Add or subtract: (@) —23.5 — 41.38 (6) 14.65 — 20. 


Solution: 


@) 


—23.5 — 41.38 
The difference will be negative. To subtract, we add the 93.5 
numerals. Write the numbers so the decimal points line ate , 38 
up vertically. aera 
Put 0 as a placeholder after the 5 in 23.5. 23.50 
Remember, 3; = 7 80 0.5 = 0.50. +41.38 
23.50 
Add the numbers as if they were whole numbers. 441.38 
Then place the decimal point in the sum. aie 
64.88 
Write the result with the correct sign. —23.5 — 41.38 = —64.88 
©) 
14.65 — 20 
The difference will be negative. To subtract, we 
subtract 14.65 from 20. 
Write the numbers so the decimal points line up 20 
vertically. —14.65 
Remember, 20 is a whole number, so place the 
decimal point after the 0. 
20.00 
Put in zeros to the right as placeholders. 
= 14.65 
9 9 
1MW Ww 10 
Subtract and place the decimal point in the answer. 2 ee 0 0 
—1 a. 6 5 
a Rees eee 
Write the result with the correct sign. 14.65 — 20 = —5.35 


Note: 


Exercise: 


Problem: Add or subtract: (a) —4.8 — 11.69 (6)9.58 — 10. 
Solution: 


(a) -16.49 ©) —0.42 


Note: 
Exercise: 


Problem: Add or subtract: (@) —5.123 — 18.47 (6)37.42 — 50. 
Solution: 


(a) —23.593 ©)—12.58 


Multiply and Divide Decimals 


When we multiply signed decimals, first we determine the sign of the product and then multiply 

as if the numbers were both positive. We multiply the numbers temporarily ignoring the decimal 

point and then count the number of decimal points in the factors and that sum tells us the number 
of decimal places in the product. Finally, we write the product with the appropriate sign. 


Note: 
Multiply decimals. 


Determine the sign of the product. 

Write in vertical format, lining up the numbers on the right. Multiply the numbers as if they were 
whole numbers, temporarily ignoring the decimal points. 

Place the decimal point. The number of decimal places in the the number of decimal places in 
product is the sum of the factors. 

Write the product with the appropriate sign. 


Example: 
Exercise: 


Problem: Multiply: (—3.9) (4.075). 


Solution: 


(—3.9) (4.075) 


The signs are different. The product 


: : The product will be 
will be negative. : 
negative. 
Write in vertical format, lining up the 
: 4.075 
numbers on the right. x 3.9 
4.075 
x 39 
36675 
Multiply. 12225 
ae 158925 
Add the number of decimal places in 
the factors (1 + 3). 4.075 
Place the decimal point 4 places from the right. x_3.9 
36675 
12225 
(-3.9) (4.075) 15.8925 
1 place 3 places 4 places 
The signs are the different, so the product is (—3.9) (4.075) = —15.8925 
negative. . i . 
Note: 
Exercise: 


Problem: Multiply: —4.5 (6.107). 


Solution: 


—27.4815 


Note: 
Exercise: 


Problem: Multiply: —10.79 (8.12). 


Solution: 


—87.6148 


Often, especially in the sciences, you will multiply decimals by powers of 10 (10, 100, 1000, etc). 
If you multiply a few products on paper, you may notice a pattern relating the number of zeros in 
the power of 10 to number of decimal places we move the decimal point to the right to get the 
product. 


Note: 
Multiply a decimal by a power of ten. 


Move the decimal point to the right the same number of places number of zeros in the power of 


as the 10. 
Add zeros at the end of the number as needed. 


Example: 
Exercise: 


Problem: Multiply: 5.63 by (@) 10 © 100 © 1000. 
Solution: 


By looking at the number of zeros in the multiple of ten, we see the number of places we 
need to move the decimal to the right. 


@) 


There is 1 zero in 10, so move the decimal point 1 place to the 
right. 


There are 2 zeroes in 100, so move the decimal point 2 places to the 
right. 


There are 3 zeroes in 1,000, so move the decimal point 3 place to the 
right. 


A zero must be added to the end. 


5.63 (10) 


5.63 


5.63(100) 


5.63 


563 


5.63(1,000) 


5.63 


5,630 


Note: 
Exercise: 


Problem: Multiply 2.58 by @ 10 ©) 100 © 1000. 
Solution: 


(@) 25.8 © 258 © 2,580 


Note: 
Exercise: 


Problem: Multiply 14.2 by @ 10 ©) 100 © 1000. 
Solution: 


(@) 142 (©) 1,420 © 14,200 


Just as with multiplication, division of signed decimals is very much like dividing whole 
numbers. We just have to figure out where the decimal point must be placed and the sign of the 
quotient. When dividing signed decimals, first determine the sign of the quotient and then divide 
as if the numbers were both positive. Finally, write the quotient with the appropriate sign. 


We review the notation and vocabulary for division: 


c 


quotient 


ao+be= ce b ) a 
dividend = divisor quotient divisor /dividend 


We’|l write the steps to take when dividing decimals for easy reference. 


Note: 
Divide decimals. 


Determine the sign of the quotient. 

Make the divisor a whole number by “moving” the decimal point all the way to the right. 
“Move” the decimal point in the dividend the same number of places—adding zeros as needed. 
Divide. Place the decimal point in the quotient above the decimal point in the dividend. 


Write the quotient with the appropriate sign. 


Example: 
Exercise: 


Problem: Divide: —25.65 + (—0.06). 


Solution: 


Remember, you can “move” the decimals in the divisor and dividend because of the 


Equivalent Fractions Property. 


The signs are the same. 


Make the divisor a whole number by “moving” the 
decimal point all the way to the right. 


“Move” the decimal point in the dividend the same 
number of places. 


Divide. 
Place the decimal point in the quotient above the 
decimal point in the dividend. 


Write the quotient with the appropriate sign. 


-25.65 = (-0.06) 


The quotient is positive. 


0.06) 25.65 


427.5 


006.)2565.0 
124 


-25.65 = (-0.06) = 427.5 


Note: 
Exercise: 


Problem: Divide: —23.492 + (—0.04). 
Solution: 


587.3 


Note: 
Exercise: 


Problem: Divide: —4.11 + (—0.12). 


Solution: 


34.25 


Convert Decimals, Fractions, and Percents 


In our work, it is often necessary to change the form of a number. We may have to change 
fractions to decimals or decimals to percent. 


We convert decimals into fractions by identifying the place value of the last (farthest right) digit. 
In the decimal 0.03. the 3 is in the hundredths place, so 100 is the denominator of the fraction 
equivalent to 0.03. 

Equation: 


0.03 = ae 
100 


The steps to take to convert a decimal to a fraction are summarized in the procedure box. 


Note: 
Convert a decimal to a proper fraction and a fraction to a decimal. 


To convert a decimal to a proper fraction, determine the place value of the final digit. 
Write the fraction. 

© numerator—the “numbers” to the right of the decimal point 

© denominator—the place value corresponding to the final digit 


To convert a fraction to a decimal, divide the numerator of the fraction by the denominator of the 
fraction. 


Example: 
Exercise: 


Problem: Write: (@) 0.374 as a fraction (6) —3 as a decimal. 


Solution: 


® 


0.374 


0.3 7 a 


Determine the place value of the final digit. bicceties terimidl eactiiac: vieeataineiie 


Write the fraction for 0.374: 
The numerator is 374. 7000 
The denominator is 1,000. 


Simplify the fraction. - 1a 
awe 187 
Divide out the common factors. 500 
so, 0.374 = Be 


(6) Since a fraction bar means division, we begin by writing the fraction = as 8)5. Now 
divide. 


20 
16 
40 
40 
3 
so, =“ 0.625 
Note: 
Exercise: 


Problem: Write: (@) 0.234 as a fraction (6) == as a decimal. 


Solution: 


117 
@ zo © —0.875 


Note: 
Exercise: 


Problem: Write: () 0.024 as a fraction (6) — 3 as a decimal. 


Solution: 


@ 3; © —0.375 


A percent is a ratio whose denominator is 100. Percent means per hundred. We use the percent 
symbol, %, to show percent. Since a percent is a ratio, it can easily be expressed as a fraction. 
Percent means per 100, so the denominator of the fraction is 100. We then change the fraction to 


a decimal by dividing the numerator by the denominator. After doing this many times, you may 
see the pattern. 


To convert a percent number to a decimal number, we move the decimal point two places to the 
left. 


6% 78% 2.7% 135% 
WW W 


0.06 0.78 0.027 1.35 


To convert a decimal to a percent, remember that percent means per hundred. If we change the 
decimal to a fraction whose denominator is 100, it is easy to change that fraction to a percent. 
After many conversions, you may recognize the pattern. 


To convert a decimal to a percent, we move the decimal point two places to the right and then add 
the percent sign. 


0.05 0.83 1.05 0.075 0.3 


5% 83% 105% 7.5% 30% 


Note: 
Convert a percent to a decimal and a decimal to a percent. 


To convert a percent to a decimal, move the decimal point two places to the left after removing 


the percent sign. 


To convert a decimal to a percent, move the decimal point two places to the right and then add 
the percent sign. 


Example: 
Exercise: 


Problem: Convert each: 
(@) percent to a decimal: 62%, 135%, and 13.7%. 


(6) decimal to a percent: 0.51, 1.25, and 0.093. 


Solution: 


@) 


62% 135% 35.7% 


Move the decimal point two places to the left. 
0.62 1.35 0.357 


0.51 1.25 0.093 


Move the decimal point two places to the right. 51% 125% 9.3% 


Note: 
Exercise: 


Problem: Convert each: 

(@) percent to a decimal: 9%, 87%, and 3.9%. 
(6) decimal to a percent: 0.17, 1.75, and 0.0825. 
Solution: 


(a) 0.09, 0.87, 0.039 (6) 17%, 175%, 8.25% 


Note: 
Exercise: 


Problem: Convert each: 

(a) percent to a decimal: 3%, 91%, and 8.3%. 
(b) decimal to a percent: 0.41, 2.25, and 0.0925. 
Solution: 


(a) 0.03, 0.91, 0.083 (6) 41%, 225%, 9.25% 


Simplify Expressions with Square Roots 


Remember that when a number n is multiplied by itself, we write n? and read it “n squared.” The 
result is called the square of a number n. For example, 87 is read “8 squared” and 64 is called 
the square of 8. Similarly, 121 is the square of 11 because 11? is 121. It will be helpful to learn to 
recognize the perfect square numbers. 


Note: 
Square of a number 
If n? = m, then m is the square of n. 


What about the squares of negative numbers? We know that when the signs of two numbers are 
the same, their product is positive. So the square of any negative number is also positive. 
Equation: 


(—3)? =9 (—8)° = 64 (—11)? = 121 (—15)* = 225 


Because 107 = 100, we say 100 is the square of 10. We also say that 10 is a square root of 100. 
A number whose square is m is called a square root of a number m. 


Note: 
Square Root of a Number 
If n? = m, then n is a square root of m. 


Notice (—10)’ = 100 also, so —10 is also a square root of 100. Therefore, both 10 and —10 are 
square roots of 100. So, every positive number has two square roots—one positive and one 
negative. The radical sign, ./m, denotes the positive square root. The positive square root is 
called the principal square root. When we use the radical sign that always means we want the 
principal square root. 


Note: 
Square Root Notation 
,/m is read “the square root of m.” 


radical sign —> ,/m-<— radicand 


If m = n?, then \/m = n, for n > 0. 
The square root of m, ,/m, is the positive number whose square is m. 


We know that every positive number has two square roots and the radical sign indicates the 
positive one. We write 100 = 10. If we want to find the negative square root of a number, we 


place a negative in front of the radical sign. For example, —/100 = —10. We read — 100 as 
“the opposite of the principal square root of 10.” 


Example: 
Exercise: 


Problem: Simplify: (a) 25 © V121 © —V144. 


Solution: 

@) ————: 
/25 

Since 5? = 25 5 

©) es 
/121 

Since 117 = 121 if 

© ——_— 

—/144 
The negative is in front of —12 


the radical sign. 


Note: 
Exercise: 


Problem: Simplify: (@) /36 (©) 169 ©) —vV/225. 
Solution: 


@6©13© —15 


Note: 
Exercise: 


Problem: Simplify: @ / 16 © /196 © —/100. 
Solution: 


(46 14© —-10 


Identify Integers, Rational Numbers, Irrational Numbers, and Real Numbers 


We have already described numbers as counting numbers, whole numbers, and integers. What is 
the difference between these types of numbers? Difference could be confused with subtraction. 
How about asking how we distinguish between these types of numbers? 


Equation: 
Counting numbers sl as Mena 
Whole numbers 0,1,2,3,4,.... 
Integers ....—3, —2,—1,0,1,2,3,.... 


What type of numbers would we get if we started with all the integers and then included all the 
fractions? The numbers we would have form the set of rational numbers. A rational number is a 
number that can be written as a ratio of two integers. 


In general, any decimal that ends after a number of digits (such as 7.3 or — 1.2684) is a rational 
number. We can use the place value of the last digit as the denominator when writing the decimal 


as a fraction. The decimal for - is the number 0.3. The bar over the 3 indicates that the number 3 


repeats infinitely. Continuously has an important meaning in calculus. The number(s) under the 
bar is called the repeating block and it repeats continuously. 


Since all integers can be written as a fraction whose denominator is 1, the integers (and so also 
the counting and whole numbers. are rational numbers. 


Every rational number can be written both as a ratio of integers = where p and q are integers 
and q # 0, and as a decimal that stops or repeats. 


Note: 
Rational Number 
A rational number is a number of the form a where p and q are integers and q # 0. 


Its decimal form stops or repeats. 


Are there any decimals that do not stop or repeat? Yes! The number 7 (the Greek letter pi, 
pronounced “pie”), which is very important in describing circles, has a decimal form that does 
not stop or repeat. We use three dots (...) to indicate the decimal does not stop or repeat. 
Equation: 


m = 3.141592654... 


The square root of a number that is not a perfect square is a decimal that does not stop or repeat. 


A numbers whose decimal form does not stop or repeat cannot be written as a fraction of integers. 
We call this an irrational number. 


Note: 

Irrational Number 

An irrational number is a number that cannot be written as the ratio of two integers. 
Its decimal form does not stop and does not repeat. 


Let’s summarize a method we can use to determine whether a number is rational or irrational. 


Note: 
Rational or Irrational 
If the decimal form of a number 


e repeats or stops, the number is a rational number. 
¢ does not repeat and does not stop, the number is an irrational number. 


We have seen that all counting numbers are whole numbers, all whole numbers are integers, and 
all integers are rational numbers. The irrational numbers are numbers whose decimal form does 
not stop and does not repeat. When we put together the rational numbers and the irrational 
numbers, we get the set of real numbers. 


Note: 
Real Number 
A real number is a number that is either rational or irrational. 


Later in this course we will introduce numbers beyond the real numbers. [link] illustrates how the 
number sets we’ve used so far fit together. 


Integers 
.. -2,-1, 0, 1, 2... 


Whole numbers 
[Oey beee? dec Fees 
Counting numbers 
y or Dac en 


This chart shows the number sets that 
make up the set of real numbers. 


Irrational numbers 


Does the term “real numbers” seem strange to you? Are there any numbers that are not “real,” 


and, if so, what could they be? Can we simplify /—25? Is there a number whose square is —25? 
Equation: 


()? = -25? 


None of the numbers that we have dealt with so far has a square that is —25. Why? Any positive 
number squared is positive. Any negative number squared is positive. So we say there is no real 
number equal to »/ —25. The square root of a negative number is not a real number. 


Example: 
Exercise: 


Problem: 


Given the numbers —7, +, 8, V5, 5.9, —v/64, list the (@) whole numbers ©) integers ©) 


rational numbers (4) irrational numbers (€) real numbers. 


Solution: 


(a) Remember, the whole numbers are 0, 1, 2, 3,..., so 8 is the only whole number given. 


(6) The integers are the whole numbers and their opposites (which includes 0). So the whole 
number 8 is an integer, and —7 is the opposite of a whole number so it is an integer, too. 
Also, notice that 64 is the square of 8 so —/64 = —8. So the integers are —7, 8, and 


—V64. 


© Since all integers are rational, then —7, 8, and —4/64 are rational. Rational numbers also 
include fractions and decimals that repeat or stop, so a and 5.9 are rational. So the list of 


rational numbers is —7, 3 ,8, 9.9, and —/64. 


(d) Remember that 5 is not a perfect square, so 4/5 is irrational. 


(e) All the numbers listed are real numbers. 


Note: 
Exercise: 


Problem: 


Given the numbers —3, =) ; O85, 2, A, V 49, list the (@) whole numbers (6) integers (©) 
rational numbers 
@) irrational numbers (€) real numbers. 


Solution: 


@)4,V49®-3,4,V49 | 
© —3,0.3, 2,4, V49 @ —V/2 
© —3,-V2,0.3, 2,4, V/49 


25? 


Note: 
Exercise: 


Problem: 


Given numbers — vy 25, — 3, —1,6, 121, 2.041975..., list the (@) whole numbers (6) 
integers (C) rational numbers () irrational numbers (€) real numbers. 


Solution: 


@6via 
(Gia V05— 1-6. 11 


© —V25, —3, -1,6, 121 
@ 2.041975... 
© —V25, — 3, -1,6, 121, 2.041975... 


Locate Fractions and Decimals on the Number Line 


We now want to include fractions and decimals on the number line. Let’s start with fractions and 


locate S, —3, 3; t, —2, —5 and = on the number line. 


We’|I start with the whole numbers 3 and —5 because they are the easiest to plot. See [link]. 


The proper fractions listed are ~ and — 2. We know the proper fraction ~ has value less than 

one and so would be located between 0 and 1. The denominator is 5, so we divide the unit from 0 
, 12 3 4 1 

to 1 into 5 equal parts =, +, =, =. We plot =. 

Similarly, — ~ is between 0 and —1. After dividing the unit into 5 equal parts we plot — 2. 

Finally, look at the improper fractions i, 3, 7 Locating these points may be easier if you 

change each of them to a mixed number. 

Equation: 


Example: 
Exercise: 


Problem: Locate and label the following on a number line: 4, 3, — +, —3, 


oa 
| 
rolor 
fab) 
=| 
jak, 
oo|~ 


Solution: 


Locate and plot the integers, 4, —3. 


Locate the proper fraction 3 first. The fraction A is between 0 and 1. Divide the distance 
between 0 and 1 into four equal parts, then we plot 3. Similarly plot — i. 


Now locate the improper fractions g, = 3, and z, It is easier to plot them if we convert 
them to mixed numbers and then plot them as described above: 


Cle [el pee ee Lae ell 
eo et Jie 25,35 = 25- 


Note: 
Exercise: 
Problem: Locate and label the following on a number line: —1, +, $,-4, 3,5, —%. 
Solution: 
8 7 16 9 
a a 2S = 


4-3-2-10123 45 


Note: 
Exercise: 


Problem: Locate and label the following on a number line: —2, ; : i : f 3 : 5g i : 


Solution: 


Since decimals are forms of fractions, locating decimals on the number line is similar to locating 
fractions on the number line. 


Example: 
Exercise: 


Problem: Locate on the number line: (@) 0.4 (6) —0.74. 


Solution: 
(a) The decimal number 0.4 is equivalent to ae a proper fraction, so 0.4 is located between 


0 and 1. On a number line, divide the interval between 0 and 1 into 10 equal parts. Now 
label the parts 0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9, 1.0. We write 0 as 0.0 and 1 as 1.0, so 
that the numbers are consistently in tenths. Finally, mark 0.4 on the number line. 


0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 


(6) The decimal —0.74 is equivalent to — = so it is located between 0 and —1. Ona 


number line, mark off and label the hundredths in the interval between 0 and —1. 


-0.74 


-1.00 -0.90 -0.80 -0.70 -060 -050 -040 -0.30 -0.20 -0.10 0.00 


Note: 
Exercise: 


Problem: Locate on the number line: @) 0.6 (6) —0.25. 


Solution: 
@) 
Doel SS SO a el 


0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 


©) 


-0.25 


Oe a LB ed 


-1.00 -0.80 -0.60 -0.40 -0.20 0.00 


Note: 
Exercise: 


Problem: Locate on the number line: (@) 0.9 (6) —0.75. 


Solution: 
@) 
Oost Se SO a el 


0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 


©) 


-0.75 


Oe 


-1.00 -0.80 -0.60 -0.40 -0.20 0.00 


Note: 
Access this online resource for additional instruction and practice with decimals. 


e Arithmetic Basics: Dividing Decimals 


Key Concepts 
¢ How to round decimals. 


Locate the given place value and mark it with an arrow. 
Underline the digit to the right of the place value. 


Is the underlined digit greater than or 5? 
equal to » Yes: add 1 to the digit in the given place 


value. 
= No: do not change the digit in the given 
place value 


Rewrite the number, deleting all digits to the right of the rounding digit. 
¢ How to add or subtract decimals. 

Determine the sign of the sum or difference. 

Write the numbers so the decimal points line up vertically. 


Use zeros as placeholders, as needed. 
Add or subtract the numbers as if they were whole numbers. Then place the decimal point in 


the answer under the decimal points in the given numbers. 
Write the sum or difference with the appropriate sign 


How to multiply decimals. 


Determine the sign of the product. 

Write in vertical format, lining up the numbers on the right. Multiply the numbers as if they 
were whole numbers, temporarily ignoring the decimal points. 

Place the decimal point. The number of decimal places in the product is the sum of the 
number of decimal places in the factors. 

Write the product with the appropriate sign. 


How to multiply a decimal by a power of ten. 


Move the decimal point to the right the same number of places as the number of zeros in the 
power of 10. 
Add zeros at the end of the number as needed. 


How to divide decimals. 


Determine the sign of the quotient. 

Make the divisor a whole number by “moving” the decimal point all the way to the right. 
“Move” the decimal point in the dividend the same number of places—adding zeros as 
needed. 

Divide. Place the decimal point in the quotient above the decimal point in the dividend. 
Write the quotient with the appropriate sign. 


How to convert a decimal to a proper fraction and a fraction to a decimal. 


To convert a decimal to a proper fraction, determine the place value of the final digit. 


Write the fraction. 
= numerator—the “numbers” to the right of the decimal point 


= denominator—the place value corresponding to the final digit 


To convert a fraction to a decimal, divide the numerator of the fraction by the denominator 
of the fraction. 


How to convert a percent to a decimal and a decimal to a percent. 


To convert a percent to a decimal, move the decimal point two places to the left after 
removing the percent sign. 

To convert a decimal to a percent, move the decimal point two places to the right and then 
add the percent sign. 


Square Root Notation 

4/m is read “the square root of m.” 

Ifm = n?, then ,/m = n, forn > 0. 

The square root of m, «/’m, is the positive number whose square is m. 


e Rational or Irrational 
If the decimal form of a number 


© repeats or stops, the number is a rational number. 
© does not repeat and does not stop, the number is an irrational number. 


e Real Numbers 


Integers 
.. -2,-1, 0, 1, 2... 
Whole numbers 
OMe 253 ia.c. 
Counting numbers 
yi Bae 


Practice Makes Perfect 


Irrational numbers 


Round Decimals 
In the following exercises, round each number to the nearest (a) hundredth (6) tenth ©) whole 


number. 
Exercise: 


Problem: 5.781 


Solution: 


(a) 5.78 © 5.8©6 


Exercise: 


Problem: 1.638 


Exercise: 


Problem: 0.299 


Solution: 


@ 0.306 0.3©0 


Exercise: 


Problem: 0.697 


Exercise: 


Problem: 63.479 


Solution: 


(a) 63.48 (6) 63.5 © 63 


Exercise: 
Problem: 84.281 


Add and Subtract Decimals 


In the following exercises, add or subtract. 
Exercise: 


Problem: — 16.53 — 24.38 
Solution: 


—40.91 


Exercise: 


Problem: — 19.47 — 32.58 


Exercise: 


Problem: —38.69 + 31.47 
Solution: 


—7.22 


Exercise: 


Problem: — 29.83 + 19.76 


Exercise: 


Problem: 72.5 — 100 


Solution: 
—27.5 


Exercise: 


Problem: 86.2 — 100 
Exercise: 

Problem: 91.75 — (—10.462) 

Solution: 

02.212 


Exercise: 


Problem: 94.69 — (—12.678) 
Exercise: 

Problem: 55.01 — 3.7 

Solution: 

51.31 


Exercise: 


Problem: 59.08 — 4.6 


Exercise: 


Problem: 2.51 — 7.4 
Solution: 
—4.89 

Exercise: 


Problem: 3.84 — 6.1 


Multiply and Divide Decimals 


In the following exercises, multiply. 
Exercise: 


Problem: 94.69 — (—12.678) 


Solution: 
—11.653 


Exercise: 


Problem: (—8.5) (1.69) 


Exercise: 


Problem: (—5.18) (—65.23) 


Solution: 
337.8914 


Exercise: 


Problem: (—9.16) (—68.34) 
Exercise: 


Problem: (0.06) (21.75) 


Solution: 
1.305 


Exercise: 


Problem: (0.08) (52.45) 
Exercise: 


Problem: (9.24) (10) 


Solution: 


92.4 


Exercise: 


Problem: (6.531) (10) 


Exercise: 


Problem: (0.025) (100) 


Solution: 
2.5 


Exercise: 


Problem: (0.037) (100) 


Exercise: 


Problem: (55.2) (1000) 


Solution: 
55200 
Exercise: 


Problem: (99.4) (1000) 


In the following exercises, divide. Round money monetary answers to the nearest cent. 
Exercise: 


Problem: $117.25 = 48 


Solution: 
$2.44 


Exercise: 


Problem: $109.24 = 36 


Exercise: 


Problem: 1.44 + (—0.3) 


Solution: 


—4.8 


Exercise: 


Problem: —1.15 + (—0.05) 


Exercise: 


Problem: 5.2 ~ 2.5 
Solution: 
2.08 

Exercise: 


Problem: 14 ~ 0.35 


Convert Decimals, Fractions and Percents 


In the following exercises, write each decimal as a fraction. 
Exercise: 


Problem: 0.04 


Solution: 


2s 
25 


Exercise: 


Problem: 1.464 


Exercise: 


Problem: 0.095 


Solution: 


19 
200 


Exercise: 
Problem: —0.375 


In the following exercises, convert each fraction to a decimal. 
Exercise: 


17 
Problem: 0 


Solution: 


0.85 


Exercise: 


Problem: 12 


4 
Exercise: 
. _ 310 
Problem: 95” 
Solution: 
—12.4 
Exercise: 
Problem: — 2° 


11 


In the following exercises, convert each percent to a decimal. 
Exercise: 


Problem: 71% 
Solution: 


One 


Exercise: 


Problem: 150% 


Exercise: 


Problem: 39.3 % 
Solution: 


0.393 


Exercise: 
Problem: 7.8 % 


In the following exercises, convert each decimal to a percent. 
Exercise: 


Problem: 1.56 


Solution: 


156% 


Exercise: 


Problem: 3 


Exercise: 


Problem: 0.0625 
Solution: 


6.25 % 


Exercise: 
Problem: 2.254 


Simplify Expressions with Square Roots 


In the following exercises, simplify. 
Exercise: 


Problem: J 64 
Solution: 


8 


Exercise: 


Problem: \/169 


Exercise: 


Problem: 144 
Solution: 


12 


Exercise: 


Problem: —/4 


Exercise: 


Problem: — / 100 


Solution: 


—10 


Exercise: 


Problem: — 121 


Identify Integers, Rational Numbers, Irrational Numbers, and Real Numbers 


In the following exercises, list the (a) whole numbers, (6) integers, (©) rational numbers, (4) 
irrational numbers, (€) real numbers for each set of numbers. 
Exercise: 


Problem: —8, 0, 1.95286..., 2, V/36, 9 


Solution: 


(@) 0, V36, 9 © —8, 0, V36, 9 © —8, 0, V36, 9 @ 1.95286..., ©) 
—8, 0, 1.95286..., 2, V36,9 


Exercise: 


Problem: —9, —3=, —V/9, 0.409, +, 7 


Exercise: 


Problem: — 100, —7, —$, —1,0.77, 3+ 


Solution: 

(a) none (b) — 100, 

© —v100, —7, —4, ae 35 

@ none 

(©) —v'100, —7, —4, -1, 0.77, 3 
Exercise: 


Problem: —6, — 2, 0, 0.714285, 24, 14 


Locate Fractions and Decimals on the Number Line 


In the following exercises, locate the numbers on a number line. 
Exercise: 


2 a. Fit 
Problem: 7a 4 


2? 6? 
Solution: 
ce ae | 
10 6 24 


Exercise: 


Problem: 2,—2,12,—-12,3,—3 


Solution: 
3.42.3 3.423 
7 Na Wary We ak £2 
40 -2.0 0.0 2.0 4.0 
Exercise: 
2 2 43 3 8 8 
Problem: ],—=3 143-1 igi-s 
Exercise: 


Problem: (2) 0.8 (6) —1.25 


Solution: 


-1.25 0.8 


Exercise: 


Problem: (2) —0.9 (b) —2.75 


Exercise: 


Problem: (2) —1.6 (6) 3.25 


Solution: 


Exercise: 


Problem: (2) 3.1 (6) —3.65 


Writing Exercises 


Exercise: 


Problem: How does knowing about U.S. money help you learn about decimals? 
Solution: 


Answers will vary. 
Exercise: 
Problem: 
When the Szetos sold their home, the selling price was 500% of what they had paid for the 
house 30 years ago. Explain what 500% means in this context. 
Exercise: 
Problem: 


In your own words, explain the difference between a rational number and an irrational 
number. 


Solution: 


Answers will vary. 
Exercise: 


Problem: 


Explain how the sets of numbers (counting, whole, integer, rational, irrationals, reals) are 
related to each other. 


Self Check 


(a) Use this checklist to evaluate your mastery of the objectives of this section. 


(6) On a scale of 1-10, how would you rate your mastery of this section in light of your responses 
on the checklist? How can you improve this? 


Glossary 


irrational number 
An irrational number is a number that cannot be written as the ratio of two integers. Its 
decimal form does not stop and does not repeat. 


percent 
A percent is a ratio whose denominator is 100. 


principal square root 
The positive square root is called the principal square root. 


rational number 
A rational number is a number of the form oe where p and q are integers and q + 0. Its 


decimal form stops or repeats. 


real number 
A real number is a number that is either rational or irrational. 


square of a number 
If n? = m, then m is the square of n. 


square root of a number 
If n? = m, then n is a square root of m. 


Properties of Real Numbers 
By the end of this section, you will be able to: 


e Use the commutative and associative properties 
e Use the properties of identity, inverse, and zero 
e Simplify expressions using the Distributive Property 


Note: 
A more thorough introduction to the topics covered in this section can be found in the Elementary Algebra 
chapter, Foundations. 


Use the Commutative and Associative Properties 


The order we add two numbers doesn’t affect the result. If we add 8 + 9 or 9 + 8, the results are the same—they 
both equal 17. So, 8 + 9 = 9 + 8. The order in which we add does not matter! 


Similarly, when multiplying two numbers, the order does not affect the result. If we multiply 9 - 8 or 8 - 9 the 
results are the same—they both equal 72. So, 9 - 8 = 8- 9. The order in which we multiply does not matter! 


These examples illustrate the Commutative Property. 


Note: 

Commutative Property 

Equation: 
of Addition If a and bare real numbers, then a+b=b+a. 
of Multiplication If aand bare real numbers, then a-b=b-a. 


When adding or multiplying, changing the order gives the same result. 


The Commutative Property has to do with order. We subtract 9 — 8 and 8 — 9, and see that 9 — 8 # 8 — 9. Since 
changing the order of the subtraction does not give the same result, we know that subtraction is not commutative. 


Division is not commutative either. Since 12 + 3 4 3 + 12, changing the order of the division did not give the 
same result. The commutative properties apply only to addition and multiplication! 


Addition and multiplication are commutative. 


Subtraction and division are not commutative. 


When adding three numbers, changing the grouping of the numbers gives the same result. For example, 
(7+ 8) +2 =7 + (8 + 2), since each side of the equation equals 17. 


This is true for multiplication, too. For example, (5 . ) -3=5- (F . 3), since each side of the equation equals 
Be 


These examples illustrate the Associative Property. 


Note: 
Associative Property 


Equation: 
of Addition If a, b, and care real numbers, then (a+b)+c=a+4+(b+c) 
of Multiplication If a, b, and care real numbers, then (a-b)-c=a-(b-c) 


When adding or multiplying, changing the grouping gives the same result. 


The Associative Property has to do with grouping. If we change how the numbers are grouped, the result will be 
the same. Notice it is the same three numbers in the same order—the only difference is the grouping. 


We saw that subtraction and division were not commutative. They are not associative either. 
Equation: 
(10 — 3) — 2 4 10 — (3 — 2) (24+ 4) +24 24+ (4+ 2) 
7-2410-1 6+2424+2 
5#9 3412 


When simplifying an expression, it is always a good idea to plan what the steps will be. In order to combine like 
terms in the next example, we will use the Commutative Property of addition to write the like terms together. 


Example: 
Exercise: 


Problem: Simplify: 18p + 6q + 15p + 5q. 


Solution: 
18p + 6q + 15p + 5q 
Use the Commutative Property of addition to 18p + 15p + 6q + 5q 
reorder so that like terms are together. 
Add like terms. 33p + 1lq 
Note: 
Exercise: 


Problem: Simplify: 23r + 14s + 9r+ 15s. 
Solution: 


32r + 29s 


Note: 
Exercise: 


Problem: Simplify:37m + 21n + 4m — 15n. 
Solution: 


41m+6n 


When we have to simplify algebraic expressions, we can often make the work easier by applying the Commutative 
Property or Associative Property first. 


Example: 

Exercise: 
Problem: Simplify: (4 aF 3) oP i. 
Solution: 


Notice that the last 2 terms have a common 


denominator, so change the grouping. 


Add in parentheses first. ie - (+) 
Simplify the fraction. i +1 
Add. 15 
Convert to an improper fraction. = 


Note: 
Exercise: 


Problem: Simplify: (<5 ate 2) ate = 
Solution: 


Hes 
Lis 


Note: 
Exercise: 


Problem: Simplify: (2 aF 5) aP =: 
Solution: 


1 


co[te 


Use the Properties of Identity, Inverse, and Zero 

What happens when we add 0 to any number? Adding 0 doesn’t change the value. For this reason, we call 0 the 
additive identity. The Identity Property of Addition that states that for any real number a, a + 0 = a and 
O+a=a. 

What happens when we multiply any number by one? Multiplying by 1 doesn’t change the value. So we call 1 the 
multiplicative identity. The Identity Property of Multiplication that states that for any real number a,a:-1 =a 


andl-a=a. 


We summarize the Identity Properties here. 


Note: 
Identity Property 
Equation: 
of Addition For any real numbera: a+0=a O+a=a 


O is the additive identity 
of Multiplication For any real numbera: a-1=a l-a=a 


1 is the multiplicative identity 


What number added to 5 gives the additive identity, 0? We know 

5+(-5)=0 

The missing number was the opposite of the number! 

We call —a the additive inverse of a. The opposite of a number is its additive inverse. A number and its opposite 
add to zero, which is the additive identity. This leads to the Inverse Property of Addition that states for any real 


number a, a + (—a) = 0. 


What number multiplied by . gives the multiplicative identity, 1? In other words, . times what results in 1? We 


The missing number was the reciprocal of the number! 


We call * the multiplicative inverse of a. The reciprocal of a number is its multiplicative inverse. This leads to 
the Inverse Property of Multiplication that states that for any real number a,a # 0,a- i =, 


We’ll formally state the inverse properties here. 


Note: 
Inverse Property 
Equation: 


of Addition For any real number a, a+(-a)=0 
—ais the additive inverse of a 
A number and its opposite add to zero. 


of Multiplication For any real number a, a#0, a- + le 
4 is the multiplicative inverse of a. 


A number and its reciprocal multiply to one. 


The Identity Property of addition says that when we add 0 to any number, the result is that same number. What 
happens when we multiply a number by 0? Multiplying by 0 makes the product equal zero. 


What about division involving zero? What is 0 + 3? Think about a real example: If there are no cookies in the 
cookie jar and 3 people are to share them, how many cookies does each person get? There are no cookies to share, 
so each person gets 0 cookies. So, 0 + 3 = 0. 


We can check division with the related multiplication fact. So we know 0 + 3 = 0 because 0-3 = 0. 


Now think about dividing by zero. What is the result of dividing 4 by 0? Think about the related multiplication 
fact: 


4=+0=[?] means [?]-0=4 


Is there a number that multiplied by 0 gives 4? Since any real number multiplied by 0 gives 0, there is no real 
number that can be multiplied by 0 to obtain 4. We conclude that there is no answer to 4 + 0 and so we say that 
division by 0 is undefined. 


We summarize the properties of zero here. 


Note: 
Properties of Zero 
Multiplication by Zero: For any real number a, 
@-V=0 Ooa= The product of any number and 0 is 0. 
Division by Zero: For any real number a, a # 0 
Equation: 


o =0 Zero divided by any real number, except itself, is zero. 


¢ is undefined Division by zero is undefined. 


We will now practice using the properties of identities, inverses, and zero to simplify expressions. 


Example: 
Exercise: 


Problem: Simplify: —84n + (—73n) + 84n. 


Solution: 


84n + (—73n) + 84n 
Notice that the first and third terms are 
opposites; use the Commutative Property of 84n + 84n + (—73n) 


addition to re-order the terms. 
Add left to right. OF (—13n) 
Add. —73n 


Note: 
Exercise: 


Problem: Simplify: —27a + (—48a) + 27a. 
Solution: 


—48a 


Note: 
Exercise: 


Problem: Simplify: 39x + (—92a) + (—39z). 
Solution: 


—92x 


Now we will see how recognizing reciprocals is helpful. Before multiplying left to right, look for reciprocals— 
their product is 1. 


Example: 
Exercise: 
Problem: Simplify: + . — . 2. 


Solution: 


Notice the first and third terms 

are reciprocals, so use the Commutative 
Property of multiplication to re-order the he 
factors. 


Multiply left to right. ie 
Multiply. i 


Note: 
Exercise: 


Problem: Simplify: 4 - = - #2. 


Solution: 


5 


49 


Note: 
Exercise: 


Problem: Simplify: = - 32 - 2. 
Solution: 


11 
25 


The next example makes us aware of the distinction between dividing 0 by some number or some number being 
divided by 0. 


Example: 
Exercise: 


Problem: Simplify: @) —~, wheren # —5 ©) ae , where 10 — 3p 4 0. 


Solution: 


@ 


nt5 
Zero divided by any real number except itself is 0. 0 


© 
10—3p 
0 


Division by 0 is undefined. undefined 


Note: 
Exercise: 


Problem: Simplify: @) —*,, where m # —7 (6) 8-®<, where 18 — 6c # 0. 


m+7? 
Solution: 


(a) 0 ©) undefined 


Note: 
Exercise: 


Problem: Simplify: @)=°,, where d # 4©) eee , where 15 — 4q # 0. 


Solution: 


(a) 0 ©) undefined 


Simplify Expressions Using the Distributive Property 


Suppose that three friends are going to the movies. They each need $9.25—that’s 9 dollars and 1 quarter—to pay 
for their tickets. How much money do they need all together? 


You can think about the dollars separately from the quarters. They need 3 times $9 so $27 and 3 times 1 quarter, so 
75 cents. In total, they need $27.75. If you think about doing the math in this way, you are using the Distributive 
Property. 


Note: 
Distributive Property 
If a, b, and c are real numbers, then a(b+c) =ab+ac 


(b+ c)a = ba+ca 
a(b—c) =ab—ac 


(b—c)a = ba — ca 


In algebra, we use the Distributive Property to remove parentheses as we simplify expressions. 


Example: 
Exercise: 


Problem: Simplify: 3 (x + 4). 


Solution: 
3 (x +4) 
Distribute. 3-2+3-4 
Multiply. aMe ab 1 
Note: 
Exercise: 


Problem: Simplify: 4 (x + 2). 
Solution: 


42 +8 


Note: 
Exercise: 


Problem: Simplify: 6 (x + 7). 


Solution: 


6x + 42 


Some students find it helpful to draw in arrows to remind them how to use the Distributive Property. Then the first 
step in [link] would look like this: 


nN 
3(x + 4) 


Example: 
Exercise: 


Problem: Simplify: 8 (32 AF =). 


Solution: 


weer 3 1 
Distribute. 8 BX +8 4 
Multiply. 3x+2 

Note: 

Exercise: 


Problem: Simplify: 6 (2y i >). 
Solution: 


oy +3 


Note: 
Exercise: 


Problem: Simplify: 12 ($n ar +). 
Solution: 


4n+9 


Using the Distributive Property as shown in the next example will be very useful when we solve money 
applications in later chapters. 


Example: 
Exercise: 


Problem: Simplify: 100 (0.3 + 0.25g). 


Solution: 


~. 
100(0.3 + 0.25q) 


Distribute. 100(0.3) + 100(0.25q) 
Multiply. 30 + 25q 

Note: 

Exercise: 


Problem: Simplify: 100 (0.7 + 0.15p). 
Solution: 


70 + 15p 


Note: 
Exercise: 


Problem: Simplify: 100 (0.04 + 0.35d). 
Solution: 


4+ 35d 


When we distribute a negative number, we need to be extra careful to get the signs correct! 


Example: 
Exercise: 


Problem: Simplify: —11 (4 — 3a). 


Solution: 

—11(4 — 3a) 
Distribute. —11-4—(—11)-3a 
Multiply. —44 — (—33a) 
Simplify. —44 + 33a 


Notice that you could also write the result as 33a — 44. Do you know why? 


Note: 
Exercise: 


Problem: Simplify: —5 (2 — 3a). 


Solution: 


—10+ 15a 


Note: 
Exercise: 


Problem: Simplify: —7 (8 — 15y). 


Solution: 


—56 + 105y 


In the next example, we will show how to use the Distributive Property to find the opposite of an expression. 


Example: 
Exercise: 


Problem: Simplify: — (y + 5). 


Solution: 
—(y+5) 
Multiplying by —1 results in the opposite. —1(y+5) 
Distribute. —1-y+(-1)-5 
Simplify. —y+(—5) 
Simplify. —y—5 
Note: 
Exercise: 


Problem: Simplify: — (z — 11). 
Solution: 


—z+11 


Note: 


Exercise: 
Problem: Simplify: — (x — 4). 
Solution: 


—xr+A4 


There will be times when we’ll need to use the Distributive Property as part of the order of operations. Start by 
looking at the parentheses. If the expression inside the parentheses cannot be simplified, the next step would be 


multiply using the Distributive Property, which removes the parentheses. The next two examples will illustrate 
this. 


Example: 
Exercise: 


Problem: Simplify: 8 — 2 (a + 3) 
Solution: 


We follow the order of operations. Multiplication comes before subtraction, so we will distribute the 2 first 
and then subtract. 


8 —2(x+ 3) 
Distribute. 8—2-x-2-3 
Multiply. S) = Aap = @ 
Combine like terms. —24 +2 


Note: 
Exercise: 


Problem: Simplify: 9 — 3 (x + 2). 


Solution: 


3 — 32 


Note: 
Exercise: 


Problem: Simplify: 7z — 5 (a + 4). 


Solution: 


2x — 20 


Example: 
Exercise: 


Problem: Simplify: 4 (x — 8) — (a +3). 


Solution: 
4 (a — 8) — (4 +3) 
Distribute. 4e — 32-22-38 
Combine like terms. 3x — 35 
Note: 
Exercise: 


Problem: Simplify: 6 (x — 9) — (a +12). 
Solution: 


5a — 66 


Note: 
Exercise: 


Problem: Simplify: 8 (x — 1) — (a +5). 


Solution: 


Tx —13 


All the properties of real numbers we have used in this chapter are summarized here. 


Commutative Property 
When adding or multiplying, changing the order gives the same result 


of addition If a, b are real numbers, then 


of multiplication If a, 6b are real numbers, then 


Associative Property 
When adding or multiplying, changing the grouping gives the same result. 


of addition If a,b, and care real numbers, then 


of multiplication If a,b, and care real numbers, then 


a+b = bD+a 
a:b = b-a 


(a+b)+c = at+(b+c) 
(a-b)-c = a-(b-c) 


Distributive Property 


If a,b, and care real numbers, then 


Identity Property 


of addition For any real number a: 
0 is the additive identity 

of multiplication For any real number a: 
1 is the multiplicative identity 


Inverse Property 


of addition For any real number a, 
—ais the additive inverse of a 
A number and its opposite add to zero. 


of multiplication For any real number a, a 4 0 


2 is the multiplicative inverse of a 


A number and its reciprocal multiply to one. 


Properties of Zero 
For any real number a, 


For any real number a, a + 0, 


For any real number a, 


Key Concepts 


Commutative Property 


When adding or multiplying, changing the order gives the same result 


of addition If a, b are real numbers, then 


of multiplication If a, 6b are real numbers, then 


Associative Property 


When adding or multiplying, changing the grouping gives the same result. 


(b—c)a = ba-ca 
a+0=a 
0O+a= 

“a 
a+(-a)=0 

a-+=1 

a-0=0 
0-a=0 
2=0 


A 


7 is undefined 


a+b = bD+a 
a:b b-a 


of addition If a,b, and care real numbers, then 


of multiplication If a,b, and care real numbers, then 


Distributive Property 


If a,b, and care real numbers, then 


Identity Property 


of addition For any real number a: 
0 is the additive identity 
of multiplication For any real number a: 


1 is the multiplicative identity 


Inverse Property 


of addition For any real number a, 
—a is the additive inverse of a 


A number and its opposite add to zero. 


of multiplication For any real number a, a 4 0 


2 is the multiplicative inverse of a 


A number and its reciprocal multiply to one. 


Properties of Zero 
For any real number a, 


For any real number a, a # 0, 


For any real number a, 


Section Exercises 


Practice Makes Perfect 
Use the Commutative and Associative Properties 


In the following exercises, simplify. 
Exercise: 


Problem: 43m + (—12n) + (—16m) + (—9n) 
Solution: 


27m + (—21n) 


Exercise: 


(a+b)+c = a+(b+c) 
(a-b)-c = a-(b-c) 


a-0=0 
0-a=0 
2=0 


7 is undefined 


Problem: —22p + 17q + (—35p) + (—27q) 


Exercise: 


Problem: 2g ash ig oh 


Solution: 
fg+ gh 


Exercise: 


~ 5 _ 3 py , 9 
Problem: ¢a 4+ O74 a+ ioe 


Exercise: 


Problem: 6.8p + 9.14q + (—4.37p) + (—0.88q) 
Solution: 


2.43p + 8.26q 


Exercise: 


Problem: 9.6m + 7.22n + (—2.19m) + (—0.65n) 


Exercise: 


Problem: —24 - 7 - 2 


Solution: 


—63 


Exercise: 


Problem: —36-11- + 


Exercise: 


Problem: (2 + xx) + 
Solution: 
5 

15 
Exercise: 

Problem: (+ + 3) + 3 
Exercise: 

Problem: 17 (0.25) (4) 


Solution: 


17 


Exercise: 


Problem: 36 (0.2) (5) 


Exercise: 


Problem: [2.48 (12)]| (0.5) 


Solution: 
14.88 


Exercise: 


Problem: [9.731 (4)] (0.75) 


Exercise: 


Problem: 12 (2p) 


Solution: 
10p 


Exercise: 


Problem: 20 (2¢) 


Use the Properties of Identity, Inverse and Zero 


In the following exercises, simplify. 
Exercise: 


Problem: 19a + 44 — 19a 


Solution: 


44 


Exercise: 


Problem: 27c + 16 — 27c 


Exercise: 
ad 7 
Problem: gt get (—5) 


Solution: 


7 


8 


Exercise: 


Problem: 2 + + + (—2) 


Exercise: 


Problem: 10 (0.1d) 


Solution: 


d 


Exercise: 


Problem: 100 (0.01p) 


Exercise: 
- 3 , 49 | 20 
Problem: Si ae Og 
Solution: 
49 
11 
Exercise: 
- 13) 25 | 18 
Problem: hs ae 
Exercise: 


Problem: ——‘,, where u # 4.99 


Solution: 
0 


Exercise: 


Problem: 0 > (y— 7), where « 4 + 
Exercise: 


Problem: aa where 32 — 5a 4 0 


Solution: 


undefined 


Exercise: 


Problem: oo , where 28 — 9b 4 0 


Exercise: 
Problem: (4 + am) ~ 0, where 3 + am #0 
Solution: 


undefined 


Exercise: 


Problem: (377 — 2) + 0, where =n — 32 40 


Simplify Expressions Using the Distributive Property 


In the following exercises, simplify using the Distributive Property. 
Exercise: 


Problem: 8 (4y + 9) 


Solution: 
32y + 72 


Exercise: 


Problem: 9 (3w + 7) 
Exercise: 


Problem: 6 (c — 13) 


Solution: 
6c — 78 


Exercise: 


Problem: 7 (y — 13) 
Exercise: 

Problem: + (3q + 12) 

Solution: 

sa+3 
Exercise: 

Problem: + (4m + 20) 
Exercise: 

5 1 

Problem: 9 (sy = =) 

Solution: 

sy— 3 


Exercise: 


Problem: 10 (32 — 2) 


Exercise: 


Problem: 12 (+ a 3r) 
Solution: 


3+ 8r 


Exercise: 
Problem: 12 (+ ot 3s) 
Exercise: 


Problem: 15 - 4(4d + 10) 


Solution: 


36d + 90 


Exercise: 


Problem: 18 - 2.(15h + 24) 
Exercise: 
Problem: r (s — 18) 


Solution: 


rs —18r 


Exercise: 


Problem: u (v — 10) 


Exercise: 


Problem: (y + 4)p 
Solution: 


yp + 4p 


Exercise: 


Problem: (a + 7)z 
Exercise: 
Problem: —7 (4p + 1) 


Solution: 


—28p — 7 


Exercise: 


Problem: —9 (9a + 4) 


Exercise: 


Problem: —3 (x — 6) 


Solution: 


—3x + 18 


Exercise: 


Problem: —4 (q — 7) 


Exercise: 


Problem: — (3x — 7) 


Solution: 


—324+7 


Exercise: 


Problem: — (5p — 4) 


Exercise: 


Problem: 16 — 3 (y+ 8) 


Solution: 


—3y-—8 


Exercise: 


Problem: 18 — 4 (a + 2) 


Exercise: 


Problem: 4 — 11 (3c — 2) 
Solution: 


—33c + 26 


Exercise: 


Problem: 9 — 6 (7n — 5) 


Exercise: 


Problem: 22 — (a + 3) 


Solution: 


—a+19 


Exercise: 


Problem: 8 — (r — 7) 
Exercise: 

Problem: (5m — 3) — (m+ 7) 

Solution: 


4m — 10 


Exercise: 
Problem: (4y — 1) — (y — 2) 
Exercise: 
Problem: 9 (8a — 3) — (—2) 
Solution: 


72x — 25 


Exercise: 


Problem: 4 (62 — 1) — (—8) 
Exercise: 

Problem: 5 (2n + 9) + 12 (n — 3) 

Solution: 


22n+9 


Exercise: 


Problem: 9 (5u + 8) + 2(u — 6) 


Exercise: 
Problem: 14 (c — 1) — 8(c — 6) 


Solution: 


6c + 34 


Exercise: 


Problem: 11 (n — 7) — 5(n — 1) 


Exercise: 
Problem: 6 (7y + 8) — (30y — 15) 


Solution: 


12y + 63 


Exercise: 


Problem: 7 (3n + 9) — (4n — 13) 


Writing Exercises 


Exercise: 


Problem: In your own words, state the Associative Property of addition. 
Solution: 
Answers will vary. 


Exercise: 


Problem: What is the difference between the additive inverse and the multiplicative inverse of a number? 


Exercise: 


Problem: Simplify 8 (z — +) using the Distributive Property and explain each step. 


Solution: 


Answers will vary. 
Exercise: 


Problem: 


Explain how you can multiply 4 ($5.97) without paper or calculator by thinking of $5.97 as 6 — 0.03 and 
then using the Distributive Property. 


Self Check 


(a) After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section. 


use the commutative and associative 
properties. 


use the properties of identity, inverse and 
zero. 

simplify expressions using the distributive 
property. 


(©) After reviewing this checklist, what will you do to become confident for all objectives? 


Chapter Review Exercises 


Use the Language of Algebra 


Identify Multiples and Factors 
Exercise: 


Problem: Use the divisibility tests to determine whether 180 is divisible by 2, by 3, by 5, by 6, and by 10. 


Solution: 
Divisible by 2,3, 5,6 


Exercise: 


Problem: Find the prime factorization of 252. 


Exercise: 


Problem: Find the least common multiple of 24 and 40. 
Solution: 


120 


In the following exercises, simplify each expression. 
Exercise: 


Problem: 24 + 3 + 4(5 — 2) 


Exercise: 


Problem: 7 + 3 (6 — 4(5 — 4)| — 3? 
Solution: 


4 


Evaluate an Expression 


In the following exercises, evaluate the following expressions. 
Exercise: 


Problem: When z = 4, @ x2? (©) 5” © 2x? —524+3 


Exercise: 
Problem: 2x? — 4ry — 3y? when x = 3, y= 1 
Solution: 
3 

Simplify Expressions by Combining Like Terms 


In the following exercises, simplify the following expressions by combining like terms. 
Exercise: 


Problem: 12y + 7+ 2y—5 


Exercise: 


Problem: 142? — 9x + 11 — 8x? + 82 — 6 


Solution: 


6227 —x2+5 


Translate an English Phrase to an Algebraic Expression 


In the following exercises, translate the phrases into algebraic expressions. 
Exercise: 


(@) the sum of 4ab? and 7a°b? 

(6) the product of 6y? and 3y 

© twelve more than 52 
Problem: (@) 5y less than 8y” 


Exercise: 


(a) eleven times the difference of y and two 
Problem: (©) the difference of eleven times y and two 


Solution: 


@11(y—2)®1ly—2 
Exercise: 


Problem: 


Dushko has nickels and pennies in his pocket. The number of pennies is four less than five the number of 
nickels. Let n represent the number of nickels. Write an expression for the number of pennies. 


Integers 
Simplify Expressions with Absolute Value 


In the following exercise, fill in <<, >, or = for each of the following pairs of numbers. 
Exercise: 


Oe aa 
®-8___ —|-8| 
y|=13|__ —13 
Problem: () |—12| ___ — (—12) 
Solution: 
@=0©=©>@= 


In the following exercises, simplify. 


Exercise: 


Problem: 9 — |3 (4 — 8)| 
Exercise: 

Problem: 12 — 3|1 — 4(4 — 2)| 

Solution: 


—9 


Add and Subtract Integers 


In the following exercises, simplify each expression. 
Exercise: 


Problem: —12 + (—8) +7 


Exercise: 


@15—7 

©) =15 = (7) 

O-ib=7 
Problem: () 15 — (—7) 
Solution: 
@8 © —8 © —22 @ 22 


Exercise: 


Problem: —11 — (—12) +5 


Exercise: 
Problem: (a) 23 — (—17) (©) 23 + 17 


Solution: 


(a) 40 ©) 40 


Exercise: 


Problem: — (7 — 11) — (3 — 5) 


Multiply and Divide Integers 


In the following exercise, multiply or divide. 
Exercise: 


Problem: (a) —27 + 9 ©)120 + (—8) © 4(—14) @ -1(-17) 


Solution: 


@-3 ®-15 ©—56 @ 17 


Simplify and Evaluate Expressions with Integers 


In the following exercises, simplify each expression. 
Exercise: 


Problem: (2) (—7)° ©) —7° 
Exercise: 

Problem: (7 — 11) (6 — 13) 

Solution: 


16 


Exercise: 


Problem: 63 + (—9) + (—36) + (—4) 


Exercise: 


Problem: 6 — 3|4(1 — 2) — (7 —5)| 


Solution: 


—12 


Exercise: 


Problem: (—2)* — 24 + (13 —5) 


For the following exercises, evaluate each expression. 


Exercise: 
(y +z)? when 
Problem: y = —4,z=7 
Solution: 
9 
Exercise: 


3a? — Qay + 4y? when 
Problem: z = —2,y = —3 


Translate English Phrases to Algebraic Expressions 


In the following exercises, translate to an algebraic expression and simplify if possible. 
Exercise: 


Problem: the sum of —4 and —9, increased by 23 


Solution: 
(—4+ (—9)) + 23; 10 
Exercise: 


Problem: (@) the difference of 17 and —8 ©) subtract 17 from —25 


Use Integers in Applications 


In the following exercise, solve. 
Exercise: 


Problem: 

Temperature On July 10, the high temperature in Phoenix, Arizona, was 109°, and the high temperature in 
Juneau, Alaska, was 63°. What was the difference between the temperature in Phoenix and the temperature in 
Juneau? 


Solution: 


46 


Fractions 
Simplify Fractions 


In the following exercises, simplify. 


Exercise: 
. 204 
Problem: aoe. 
Exercise: 
. _ 27023 
Problem: 1987? 
Solution: 
_ 1523 
lly? 


Multiply and Divide Fractions 


In the following exercises, perform the indicated operation. 
Exercise: 


Problem: (—44) es 


Exercise: 


. 6x . SY 
Problem: a 30 


Solution: 


8x 
15y 


Exercise: 


~ 


Problem: — 
21 


Add and Subtract Fractions 
In the following exercises, perform the indicated operation. 
Exercise: 


a 25 7 
Problem: = + 1a 


Solution: 


3L 
36 


Exercise: 


Problem: = — = 


Exercise: 


BB] oo 
© 
Color 
| oo 


Problem: (2) - | 


Solution: 


a) 1m) > 
Us 6 


Exercise: 


Problem: (a) — 24 ; 5 ae 


10 10. «6 


Use the Order of Operations to Simplify Fractions 


In the following exercises, simplify. 


Exercise: 

. _4:3-2-5 
Problem: = 555 
Solution: 
= 2d 

6 
Exercise: 

_ 4(7-3)—2(4-9) 

Problem: —377)+7(6-6) 
Exercise: 
Problem: 4—4- 


Solution: 


75 


Evaluate Variable Expressions with Fractions 


In the following exercises, evaluate. 


Exercise: 
4a? y? when 
See gs. ie —_3 
Problem: x = = andy = —4 
Exercise: 
a+b when 
a—b 


Problem: a = —4,b=6 


Solution: 


ale 


Decimals 


Round Decimals 
Exercise: 


Problem: Round 6.738 to the nearest (@) hundredth (6) tenth ©) whole number. 


Add and Subtract Decimals 


In the following exercises, perform the indicated operation. 
Exercise: 


Problem: —23.67 + 29.84 
Solution: 
6.17 


Exercise: 


Problem: 54.3 — 100 


Exercise: 


Problem: 79.38 — (—17.598) 


Solution: 


96.978 


Multiply and Divide Decimals 


In the following exercises, perform the indicated operation. 
Exercise: 


Problem: (—2.8) (3.97) 


Exercise: 


Problem: (—8.43) (—57.91) 


Solution: 


488.1813 


Exercise: 


Problem: (53.48) (10) 


Exercise: 


Problem: (0.563) (100) 


Solution: 


56.3 


Exercise: 


Problem: $118.35 + 2.6 


Exercise: 


Problem: 1.84 + (—0.8) 
Solution: 


—23 


Convert Decimals, Fractions and Percents 


In the following exercises, write each decimal as a fraction. 
Exercise: 


. 13 
Problem: > 


Exercise: 


Problem: — a0 


Solution: 


—9.6 


In the following exercises, convert each fraction to a decimal. 
Exercise: 


Problem: — 3 


Exercise: 


14 
11 


Problem: 
Solution: 


1.27 


In the following exercises, convert each decimal to a percent. 
Exercise: 


Problem: 2.43 
Exercise: 

Problem: 0.0475 

Solution: 


4.75% 


Simplify Expressions with Square Roots 


In the following exercises, simplify. 
Exercise: 


Problem: J 289 
Exercise: 
Problem: / —121 


Solution: 


no real number 


Identify Integers, Rational Numbers, Irrational Numbers, and Real Numbers 
In the following exercise, list the (@) whole numbers (©) integers (©) rational numbers (@) irrational numbers (©) real 


numbers for each set of numbers 
Exercise: 


Problem: —8, 0, 1.95286..., 2, 36,9 


Locate Fractions and Decimals on the Number Line 


In the following exercises, locate the numbers on a number line. 
Exercise: 


Ps Vea: pe 7 ee eee 
Problem: + ,—{,135,—-13,34,-3 


Solution: 


Exercise: 


Problem: (@) 3.2 © —1.35 


Properties of Real Numbers 
Use the Commutative and Associative Properties 


In the following exercises, simplify. 


Exercise: 
Problem: 2+ 3y+ye+ by 
Solution: 
3 

Exercise: 


Problem: —32 - 9 - 2 
Exercise: 
Problem: (42 + 3) + = 


Solution: 


Use the Properties of Identity, Inverse and Zero 


In the following exercises, simplify. 
Exercise: 
. 4 8 4 
Problem: = + 35 + (-+) 


Exercise: 
Problem: br? DB 


Solution: 


as 
17 


Exercise: 


Problem: a crA#3 


Exercise: 


Problem: saat bx —-TA#O 


Solution: 


undefined 


Simplify Expressions Using the Distributive Property 


In the following exercises, simplify using the Distributive Property. 
Exercise: 


Problem: 8 (a — 4) 


Exercise: 
Problem: 12 (6 + >) 


Solution: 


8b + 10 


Exercise: 


Problem: 18 - > (2a — 5) 
Exercise: 

Problem: (a — 5)p 

Solution: 


rp — op 


Exercise: 


Problem: —4 (y — 3) 


Exercise: 


Problem: 12 — 6 (a + 3) 
Solution: 


—6x2 —6 


Exercise: 


Problem: 6 (32 — 4) — (—5) 


Exercise: 
Problem: 5 (2y + 3) — (4y — 1) 
Solution: 


y + 16 


Practice Test 
Exercise: 
Problem: Find the prime factorization of 756. 
Exercise: 
Problem: Combine like terms: 5n + 8 + 2n — 1 
Solution: 


n+7 


Exercise: 


Problem: Evaluate when x = —2 andy = 3: a 


Exercise: 


Problem: Translate to an algebraic expression and simplify: 
(a) eleven less than negative eight 


(b) the difference of —8 and —3, increased by 5 


Solution: 
—8 — 11; -19 
(—8 — (—3)) + 5;0 


Exercise: 


Problem: 


Dushko has nickels and pennies in his pocket. The number of pennies is seven less than four times the 
number of nickels. Let n represent the number of nickels. Write an expression for the number of pennies. 


Exercise: 
Problem: Round 28.1458 to the nearest 
(a) hundredth (©) thousandth 
Solution: 
(@ 28.15 © 28.146 
Exercise: 
Problem: Convert 


(@) 3 toa decimal ©) 1.15 to a percent 


Exercise: 


Problem: Locate 4 , 2.8, and — = on a number line. 


Solution: 


In the following exercises, simplify each expression. 
Exercise: 


Problem: 8 + 3 [6 — 3 (5 — 2)| — 4? 
Exercise: 

Problem: — (4 — 9) — (9 —5) 

Solution: 


1 


Exercise: 


Problem: 56 + (—8) + (—27) + (—3) 


Exercise: 


Problem: 16 — 2|3 (1 — 4) — (8—5)| 


Solution: 


—8 


Exercise: 


Problem: —5 + 2(—3)” — 9 


Exercise: 
. 180 
Problem: 204 
Solution: 
15 
17 
Exercise: 
6 ae Wns 20 
Problem: is + 79 
Exercise: 


Problem: 4 + (— +2) 


Solution: 


5 


3 


Exercise: 
. 9-3-9 
Problem: ==; 
Exercise: 
, 4(—3+2(3-6) 
Problem: 3(11—3(243) 
Solution: 
3 
Exercise: 
ut 5 13 
Problem: cca 47 - = 
Exercise: 


Problem: —2 


Solution: 


7 


6 


Exercise: 


Problem: —4.8 + (—6.7) 
Exercise: 
Problem: 34.6 — 100 


Solution: 


—65.4 


Exercise: 


Problem: —12.04 - (4.2) 
Exercise: 

Problem: —8 ~ 0.05 

Solution: 

160 


Exercise: 


Problem: \/—121 


Exercise: 


Problem: (4 + 2) + = 
Solution: 
8 

lis 
Exercise: 

Problem: 52 + (—8y) — 6x + 3y 
Exercise: 

Problem: () ¢ (b) Th 

Solution: 

(a) 0 ©) undefined 
Exercise: 


Problem: —3 (8x — 5) 
Exercise: 

Problem: 6 (3y — 1) — (5y — 3) 

Solution: 


13y — 3 


Glossary 


additive identity 
The number 0 is the additive identity because adding 0 to any number does not change its value. 


additive inverse 
The opposite of a number is its additive inverse. 


multiplicative identity 
The number 1 is the multiplicative identity because multiplying 1 by any number does not change its value. 


multiplicative inverse 
The reciprocal of a number is its multiplicative inverse. 


Introduction to Factoring 
class="introduction" 


Scientists use 
factoring to 
calculate 
growth rates of 
infectious 
diseases such 
as viruses. 
(credit: 
“FotoshopTofs 
” / Pixabay) 


An epidemic of a disease has broken out. Where did it start? How is it 
spreading? What can be done to control it? Answers to these and other 
questions can be found by scientists known as epidemiologists. They collect 
data and analyze it to study disease and consider possible control measures. 
Because diseases can spread at alarming rates, these scientists must use 
their knowledge of mathematics involving factoring. In this chapter, you 
will learn how to factor and apply factoring to real-life situations. 


Greatest Common Factor and Factor by Grouping 
By the end of this section, you will be able to: 


e Find the greatest common factor of two or more expressions 
e Factor the greatest common factor from a polynomial 
e Factor by grouping 


Note: 
Before you get started, take this readiness quiz. 


1. Factor 56 into primes. 
If you missed this problem, review [link]. 

2. Find the least common multiple (LCM) of 18 and 24. 
If you missed this problem, review [link]. 

3. Multiply: —3a(7a + 8b). 
If you missed this problem, review [link]. 


Find the Greatest Common Factor of Two or More Expressions 


Earlier we multiplied factors together to get a product. Now, we will reverse this 
process; we will start with a product and then break it down into its factors. Splitting a 
product into factors is called factoring. 


8*7 = 56 (2x(x+3) = 2x°+ 6x 


factors product factors product 


cor 


We have learned how to factor numbers to find the least common multiple (LCM) of 
two or more numbers. Now we will factor expressions and find the greatest common 
factor of two or more expressions. The method we use is similar to what we used to 
find the LCM. 


Note: 

Greatest Common Factor 

The greatest common factor (GCF) of two or more expressions is the largest 
expression that is a factor of all the expressions. 


We summarize the steps we use to find the greatest common factor. 


Note: 
Find the greatest common factor (GCF) of two expressions. 


Factor each coefficient into primes. Write all variables with exponents in expanded 
form. 

List all factors—matching common factors in a column. In each column, circle the 
common factors. 

Bring down the common factors that all expressions share. 

Multiply the factors. 


The next example will show us the steps to find the greatest common factor of three 
expressions. 


Example: 
Exercise: 


Problem: Find the greatest common factor of 21x°, 9x?, 152. 


Solution: 


Factor each coefficient into primes and 
write the 


variables with exponents in expanded 21x?=(3\" 7 */x\sxex 
form. Ox? = 33% | X)*x 

: ; 15x =\3* 5e 
Circle the common factors in each 

GCF= 3° x 

column. 
Bring down the common factors. 
Multiply the factors. GCF = 3x 


The GCF of 212°, 9x? and 
152 is 3x. 


Note: 
Exercise: 


Problem: Find the greatest common factor: 25m*, 35m, 20m?. 
Solution: 


5m? 


Note: 
Exercise: 


Problem: Find the greatest common factor: 14x, 70x”, 1052. 


Solution: 


(ep 


Factor the Greatest Common Factor from a Polynomial 


It is sometimes useful to represent a number as a product of factors, for example, 12 
as 2-6 or3- 4. In algebra, it can also be useful to represent a polynomial in factored 
form. We will start with a product, such as 3x7 + 15x, and end with its factors, 

3x (x + 5). To do this we apply the Distributive Property “in reverse.” 


We state the Distributive Property here just as you saw it in earlier chapters and “in 
reverse.” 


Note: 

Distributive Property 

If a, b, and c are real numbers, then 
Equation: 


a(b+c)=ab+ac and ab+ac=a(b+c) 


The form on the left is used to multiply. The form on the right is used to factor. 


So how do you use the Distributive Property to factor a polynomial? You just find the 
GCF of all the terms and write the polynomial as a product! 


Example: 
How to Use the Distributive Property to factor a polynomial 
Exercise: 


Problem: Factor: 8m°® — 12m?n + 20mn?. 


Solution: 


Find the GCF of 
8n¥, 12m?*n, 20Mmn*? 


Rewrite 8m’, 12m’n, 20mn? 
as products of their GCF, 4m. 


8m? = 4m + 2m’ 8? -— 12m?n + 20mn* 
12m’n =—4m+3mn 4m + 2m’ - 4m*+ 3mn+ 4m + 5r? 
20mn’ = 4m + Sn? 


4m(2m? — 3m n + Sr’) 


4m(2m? — 3m n + Sn’) 


4m + 2m’ - 4m*3mn+ 4m 5r’ 
8% — 12m’n + 20mn’? ¥ 


Note: 
Exercise: 


Problem: Factor: 9xy? + 6x7y? + 21y?. 


Solution: 


3y? (3a + 2x? + Ty) 


Note: 
Exercise: 


Problem: Factor: 3p* — 6p2q + 9pq’. 
Solution: 


3p (p* — 2pq + 3q”) 


Note: 
Factor the greatest common factor from a polynomial. 


Find the GCF of all the terms of the polynomial. 

Rewrite each term as a product using the GCF. 

Use the “reverse” Distributive Property to factor the expression. 
Check by multiplying the factors. 


Note: 
Factor as a Noun and a Verb 
We use “factor” as both a noun and a verb: 


Equation: 
Noun: 7 is a factor of 14 
Verb: factor 3 from 3a + 3 
Example: 
Exercise: 


Problem: Factor: 5x° — 2522. 


Solution: 


5x° =/5\s */xX\" X 
Find the GCF of 5a? and 252”. 25x’ “8: 5° eae 


GCF=5-° Pas 


GCF = 5x’ 


5x? — 25x’ 


Rewrite each term. ox «x — 5x25 

Factor the GCF. Sx*{x — 5) 

Check: 

5a*(a2 — 5) 
5a? - ae —5a?-5 
5a? — 25a7V 

Note: 
Exercise: 


Problem: Factor: 2x? + 122”. 


Solution: 


2x? (x + 6) 


Note: 
Exercise: 


Problem: Factor: 6y? — 15y’. 


Solution: 


3y? (2y — 5) 


Example: 
Exercise: 


Problem: Factor: 87°y — 10x7y? + 12zy’. 


Solution: 
The GCF of Say, —10x?y”, and 122y> need ae pee 
is 2xy. 12xy =\222+3 x: bysy 
GCF=2°* x y 
GCF = 2xy 


8x*y — 10x’y’ + 12xy’ 


Rewrite each term using the GCF, 2zy. 
xy + Ax? — Day + Sxy + 2xy + 6 


Factor the GCF. 2xyl4x° — Sxy + 6’) 


Check: 


2xry (42? — Say + 6y") 
Qry - 4a” — Qey- day + 2xy- Gy” 
8a°y — 10x2y? + 12ry?V 


Note: 
Exercise: 


Problem: Factor: 152°y — 3x7y? + 6zy°. 


Solution: 


SLY (52? SU 2y”) 


Note: 
Exercise: 


Problem: Factor: 8a°b + 2a2b? — 6ab?. 
Solution: 


2ab (4a? + ab — 3b?) 


When the leading coefficient is negative, we factor the negative out as part of the 
GCF. 


Example: 
Exercise: 


Problem: Factor: —4a° + 36a? — 8a. 
Solution: 


The leading coefficient is negative, so the GCF will be negative. 


—Aa’ + 36a° - 8a 


Rewrite each term using the GCF, —4a. —4a + a’ - (4a) + 9a + (4a) + 2 
Factor the GCF. —4a(a’ - 9a + 2) 
Check: 


—4a (a? —9a+ 2) 
—4a - a* — (—4a) - 9a + (—4a) - 2 
—Aaq3 + 36a? — 8a¥ 


Note: 
Exercise: 


Problem: Factor: —4b? + 1662 — 8b. 


Solution: 


—4b (b? — 4b + 2) 


Note: 
Exercise: 


Problem: Factor: —7a® + 21a? — 14a. 
Solution: 


—Ta (a? — 38a+ 2) 


So far our greatest common factors have been monomials. In the next example, the 
greatest common factor is a binomial. 


Example: 
Exercise: 


Problem: Factor: 3y (y+ 7) — 4(y+7). 
Solution: 


The GCF is the binomial y + 7. 


3yly + 7)-4{y + 7) 


Factor the GCF, (y+ 7). (y + 7)(3y - 4) 


Check on your own by multiplying. 


Note: 
Exercise: 


Problem: Factor: 4m (m + 3) — 7 (m+ 3). 


Solution: 


(m + 3) (4m — 7) 


Note: 
Exercise: 


Problem: Factor: 8n (n — 4) + 5(n — 4). 
Solution: 


(n — 4) (8n +5) 


Factor by Grouping 


Sometimes there is no common factor of all the terms of a polynomial. When there 
are four terms we separate the polynomial into two parts with two terms in each part. 
Then look for the GCF in each part. If the polynomial can be factored, you will find a 
common factor emerges from both parts. Not all polynomials can be factored. Just 
like some numbers are prime, some polynomials are prime. 


Example: 
How to Factor a Polynomial by Grouping 
Exercise: 


Problem: Factor by grouping: xy + 3y+ 2x +6. 


Solution: 


Is there a greatest common 
factor of all four terms? xy + 3y+2x+6 


No, so let's separate the first xy + 3y+2x+6 
two terms from the second two. : : 


Factor the GCF from the first Wx + 3) + 2x+6 
two terms. : 
Factor the GCF from the Wx + 3) + 2(x + 3) 


second two terms. 


Notice that each term has a 
common factor of (x + 3). YX + 3) + 2(x + 3) 


Factor out the common factor. (x + 3)(y + 2) 


Multiply (x + 3)(y + 2). Is the (x + 3)y + 2) 
product the original expression? 


Xy + 2x + 3y+6 
XY + By +2x+6V 


Note: 
Exercise: 


Problem: Factor by grouping: xy + 8y + 3a + 24. 
Solution: 


(z + 8) (y+3) 


Note: 
Exercise: 


Problem: Factor by grouping: ab + 7b + 8a + 56. 


Solution: 


(a+7)(b+8) 


Note: 
Factor by grouping. 


Group terms with common factors. 


Factor out the common factor in each group. 
Factor the common factor from the expression. 
Check by multiplying the factors. 


Example: 
Exercise: 


Problem: Factor by grouping: (@) x? + 3a” — 2x 


Solution: 


@) 


There is no GCF in all four terms. 

Separate into two parts. 

Factor the GCF from both parts. Be careful 
with the signs when factoring the GCF from 
the last two terms. 

Factor out the common factor. 

Check on your own by multiplying. 


©) 


6 © 6x? — 3x — 4x 4+ 2. 


xg? +32 —22—6 
go? + 3a —2x2 —6 


There is no GCF in all four terms. 
Separate into two parts. 

Factor the GCF from both parts. 
Factor out the common factor. 
Check on your own by multiplying. 


Note: 
Exercise: 


Problem: 


Factor by grouping: (@) x? + 2x — 5z 


Solution: 


10 (6) 20x? 


Gi 8 — Aa 
627-32 —4r+4+2 


3x (2x — 1) — 2 (22 — 1) 


(22 — 1) (3x — 2) 


het ei le 


@ (# — 5) (2 +2) 
(©) (5a — 4) (4x — 3) 


Note: 
Exercise: 


Problem: 
Factor by grouping: (@) y* + 4y — 7y — 28 (6) 42m? — 18m — 35m + 15. 


Solution: 


@ (y+ 4) (y—7) 
© (7m — 3) (6m — 5) 


Key Concepts 
¢ How to find the greatest common factor (GCF) of two expressions. 


Factor each coefficient into primes. Write all variables with exponents in 
expanded form. 

List all factors—matching common factors in a column. In each column, circle 
the common factors. 

Bring down the common factors that all expressions share. 

Multiply the factors. 


¢ Distributive Property: If a, b, and c are real numbers, then 
Equation: 


a(b+c)=ab+ac and ab+ac=a(b+c) 


The form on the left is used to multiply. The form on the right is used to factor. 
¢ How to factor the greatest common factor from a polynomial. 


Find the GCF of all the terms of the polynomial. 

Rewrite each term as a product using the GCF. 

Use the “reverse” Distributive Property to factor the expression. 
Check by multiplying the factors. 


e Factor as a Noun and a Verb: We use “factor” as both a noun and a verb. 
Equation: 


Noun: 7 is a factor of 14 
Verb: factor 3 from 3a + 3 


¢ How to factor by grouping. 
Group terms with common factors. 
Factor out the common factor in each group. 


Factor the common factor from the expression. 
Check by multiplying the factors. 


Practice Makes Perfect 
Find the Greatest Common Factor of Two or More Expressions 


In the following exercises, find the greatest common factor. 
Exercise: 


Problem: 10p°g, 12pq” 
Solution: 


2pq 


Exercise: 


Problem: 8a7b°, 10ab? 


Exercise: 


Problem: 12m’n°, 30m°n?® 


Solution: 


6m?2n3 


Exercise: 


Problem: 2827y*, 422*y/* 


Exercise: 


Problem: 10a°, 12a?, 14a 


Solution: 


2a 


Exercise: 


Problem: 20y”, 287, 40y 


Exercise: 


Problem: 352z°y, 10x4y, 5x°y? 
Solution: 
bay 

Exercise: 


Problem: 27p7q°, 45p°q*, 9p4q? 


Factor the Greatest Common Factor from a Polynomial 


In the following exercises, factor the greatest common factor from each polynomial. 
Exercise: 


Problem: 6m + 9 


Solution: 


3 (2m + 3) 


Exercise: 


Problem: 14p + 35 


Exercise: 


Problem: 9n — 63 


Solution: 


9(n — 7) 


Exercise: 


Problem: 455 — 18 


Exercise: 


Problem: 3x? + 6x — 9 
Solution: 


3(x? + 2a — 3) 


Exercise: 


Problem: 4y? + 8y — 4 


Exercise: 


Problem: 8p” + 4p + 2 
Solution: 


2(4p? + 2p + 1) 


Exercise: 


Problem: 10q? + 14q + 20 


Exercise: 


Problem: 8y° + 167 


Solution: 


8y*(y + 2) 


Exercise: 


Problem: 12° — 10x 


Exercise: 


Problem: 52° — 15x? + 20x 


Solution: 
ba(a? — 3a + 4) 


Exercise: 


Problem: 8m? — 40m + 16 


Exercise: 


Problem: 242? — 12x? + 15x 


Solution: 
32 (82? —4r + 5) 


Exercise: 


Problem: 247° — 18y? — 30y 


Exercise: 


Problem: 1227” + 182y” — 30y° 
Solution: 


67° (2a + 3a? — 5y) 


Exercise: 


Problem: 21 pq? + 35p7q” — 28q° 


Exercise: 


Problem: 20x°y — 4x7y? + 122xy° 
Solution: 


Ary (527 2 Yar 3y”) 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


24a°b + 6a2b? — 18ab? 


—22 —4 


—2(x+4+4) 


Exercise: 


Problem: 


Exercise: 


Problem: 


Solution: 


—3b+ 12 


—2x? + 1827 — 8x 


—27 (a — 9x + 4) 


Exercise: 


Problem: 


Exercise: 
Problem: 
Solution: 


—Apgq (p? 


Exercise: 


Problem: 


Exercise: 


Problem: 


—5y® + 35y? — 15y 


—4p%q — 12p2q? + 16pq? 


+ 3pq — 4q) 


—6a°b — 12a7b? + 18ab? 


Solution: 


(x +1) (5x + 3) 


Exercise: 


Problem: 2z (x — 1) + 9(a — 1) 
Exercise: 

Problem: 3b (b — 2) — 13 (b — 2) 

Solution: 


(b — 2) (3b — 13) 


Exercise: 
Problem: 6m (m — 5) — 7(m—5) 


Factor by Grouping 


In the following exercises, factor by grouping. 
Exercise: 


Problem: ab + 5a + 3b+ 15 


Solution: 


(b+5)(a +3) 


Exercise: 


Problem: cd + 6c + 4d + 24 


Exercise: 


Problem: 87? + y+ 40y +5 
Solution: 


(y + 5) (8y + 1) 


Exercise: 


Problem: 6y’ + 7y + 24y + 28 


Exercise: 


Problem: wv — 9u + 2v — 18 


Solution: 


(u + 2) (v — 9) 


Exercise: 


Problem: pg — 10p + 8q — 80 


Exercise: 


Problem: wu? — u + 6u — 6 


Solution: 


(u —1)(u +6) 


Exercise: 


Problem: x2 — x + 4x — 4 


Exercise: 


Problem: 9p* — 3p — 20 
Solution: 


(3p — 5) (3p + 4) 


Exercise: 


Problem: 16q? — 8q — 35 


Exercise: 


Problem: mn — 6m — 4n + 24 


Solution: 


(n — 6)(m — 4) 


Exercise: 


Problem: 72 — 3r —r +3 


Exercise: 


Problem: 2x? — 14x” — 5x + 35 


Solution: 


(a — 7) (2a — 5) 


Exercise: 


Problem: 4x? — 36x — 3x + 27 


Mixed Practice 


In the following exercises, factor. 
Exercise: 


Problem: —18xy? — 27x7y 
Solution: 


—9xry (32 + 2y) 


Exercise: 


Problem: —42x°y° — x?y° + 12zy+ 


Exercise: 


Problem: 32° — 7x? + 6x — 14 
Solution: 


(x? + 2)(3x — 7) 


Exercise: 


Problem: x° + x? — x — 1 


Exercise: 


Problem: x? + ry + 5x2 + 5y 


Solution: 


(2 + y) (a +5) 


Exercise: 


Problem: 52° — 3x? + 5a — 3 


Writing Exercises 


Exercise: 


Problem: What does it mean to say a polynomial is in factored form? 
Solution: 
Answers will vary. 


Exercise: 


Problem: How do you check result after factoring a polynomial? 
Exercise: 


Problem: 
The greatest common factor of 36 and 60 is 12. Explain what this means. 
Solution: 


Answers will vary. 


Exercise: 


Problem: 


What is the GCF of y*, y®, and y!°? Write a general rule that tells you how to 
find the GCF of y*, y’, and y°. 


Self Check 


(a) After completing the exercises, use this checklist to evaluate your mastery of the 
objectives of this section. 


find the greatest common factor of 
two or more expressions. 


factor the greatest common factor 
from a polynomial. 
acer og — 


(6) If most of your checks were: 


...confidently. Congratulations! You have achieved your goals in this section! Reflect 
on the study skills you used so that you can continue to use them. What did you do to 
become confident of your ability to do these things? Be specific! 


...with some help. This must be addressed quickly as topics you do not master 
become potholes in your road to success. Math is sequential - every topic builds upon 
previous work. It is important to make sure you have a strong foundation before you 
move on. Who can you ask for help? Your fellow classmates and instructor are good 
resources. Is there a place on campus where math tutors are available? Can your study 
skills be improved? 


...no - I don’t get it! This is critical and you must not ignore it. You need to get help 
immediately or you will quickly be overwhelmed. See your instructor as soon as 


possible to discuss your situation. Together you can come up with a plan to get you 
the help you need. 


Glossary 


factoring 


Splitting a product into factors is called factoring. 


greatest common factor 
The greatest common factor (GCF) of two or more expressions is the largest 
expression that is a factor of all the expressions. 


Factor Trinomials 
By the end of this section, you will be able to: 


¢ Factor trinomials of the form x? + bx + c 

¢ Factor trinomials of the form ax? + bx + c using trial and error 

¢ Factor trinomials of the form az? + bx + c using the ‘ac’ method 
¢ Factor using substitution 


Note: 
Before you get started, take this readiness quiz. 


1. Find all the factors of 72. 

If you missed this problem, review [link]. 
2. Find the product: (3y + 4)(2y + 5). 

If you missed this problem, review [link]. 
3. Simplify: —9(6); —9(—6). 

If you missed this problem, review [link]. 


Factor Trinomials of the Form x2 + bz +c 


You have already learned how to multiply binomials using FOIL. Now you’ll need to “undo” this 
multiplication. To factor the trinomial means to start with the product, and end with the factors. 


(x + 2)x+3) = +5x+6 


factors product 


To figure out how we would factor a trinomial of the form x? + bx + c, such as 2? + 52 + 6 and 
factor it to (2 + 2) (x + 3), let’s start with two general binomials of the form (2 + m) and 
(2+n). 


(x + m)(x + n) 


Foil to find the product. x +mx+ nx +mn 


Factor the GCF from the middle terms. xX +(m+n)x+mn 


x + bx + C 


fle are 2 
Our trinomial is of the form x* + bx + c. x +(m+n)x+mn 


This tells us that to factor a trinomial of the form x? + bx + c, we need two factors (x +m) and 
(a +n) where the two numbers m and n multiply to c and add to b. 


Example: 
How to Factor a Trinomial of the form x2 + bx + c 
Exercise: 


Problem: Factor: x? + 11x + 24. 


Solution: 


Write two sets of parenthesesand x°+11x+24 


put x as the first term. ix ae ) 


Find two numbers that multiply 
to 24 and add to 11. 


1+24=25 
2+12=14 
3+8=11* 


4+6=10 


Use 3 and 8 as the last terms of (x + 3)(x + 8) 
the binomials. 


(x + 3)(x + 8) 
xX + 8x+3x+24 


X+11xX+ 247 


Note: 
Exercise: 


Problem: Factor: q? + 10q + 24. 


Solution: 


(q+ 4) (q+ 6) 


Note: 
Exercise: 


Problem: Factor: ¢? + 14¢ + 24. 


Solution: 


(eo ee 2110) 


Let’s summarize the steps we used to find the factors. 


Note: 
Factor trinomials of the form x? + ba + c. 


Write the factors as two binomials with first termsx. e+brtec 


(cx )(x ) 
Find two numbersmandnthat 
°o multiply toc,m-n=c 
o addtobshm+n=b6 


Usemandnas the last terms of the factors. (x +m) (x+n) 
Check by multiplying the factors. 


In the first example, all terms in the trinomial were positive. What happens when there are negative 
terms? Well, it depends which term is negative. Let’s look first at trinomials with only the middle 
term negative. 


How do you get a positive product and a negative sum? We use two negative numbers. 


Example: 
Exercise: 


Problem: Factor: y” — 11ly + 28. 


Solution: 


Again, with the positive last term, 28, and the negative middle term, —11y, we need two 
negative factors. Find two numbers that multiply 28 and add to —11. 


y? — 1ly + 28 
Write the factors as two binomials with first terms y. (or Vy) 
Find two numbers that: multiply to 28 and add to —11. 
Factors of 28 Sum of factors 
lara 1+ (—28) = —29 
Soy eae eG 
=4,27 Aaa) = Si 
Use —4, —7 as the last terms of the binomials. (y — 4) (y —7) 
Check: 
(y— 4) (y— 7) 
y? — Ty — 4y + 28 
y”? — 1ly + 28V 
Note: 
Exercise: 


Problem: Factor: u2 — 9u + 18. 


Solution: 


(u — 3) (u— 6) 


Note: 
Exercise: 


Problem: Factor: y” — 16y + 63. 


Solution: 


(G9) 


Now, what if the last term in the trinomial is negative? Think about FOIL. The last term is the 
product of the last terms in the two binomials. A negative product results from multiplying two 
numbers with opposite signs. You have to be very careful to choose factors to make sure you get the 
correct sign for the middle term, too. 


How do you get a negative product and a positive sum? We use one positive and one negative 
number. 


When we factor trinomials, we must have the terms written in descending order—in order from 
highest degree to lowest degree. 


Example: 
Exercise: 


Problem: Factor: 2x + x? — 48. 


Solution: 
2x2 + x — 48 

First we put the terms in decreasing degree order. a? + 2x — 48 
Factors will be two binomials with first terms z. eR ey 

Factors of —48 Sum of factors 

—1, 48 Ss 7, 

2,24 D1 Th =e OE 

~3,16 Sal a 

Sie -A+12=8 


—6,8 —6+8=2° 


Use —6, 8 as the last terms of the binomials. (x — 6) (x + 8) 
Check: 


(2 — 6) («+ 8) 
x* — 6q + 8q — 48 
x? + 22 — 48/7 


Note: 
Exercise: 


Problem: Factor: 9m + m2 + 18. 
Solution: 


(m+ 3)(m+6) 


Note: 
Exercise: 


Problem: Factor: —7n + 12+ n?. 


Solution: 


(n — 3) (n — 4) 


Sometimes you’ll need to factor trinomials of the form x? + bry + cy? with two variables, such as 
az? + 122y + 36y7. The first term, x”, is the product of the first terms of the binomial factors, x - x. 
The y” in the last term means that the second terms of the binomial factors must each contain y. To 
get the coefficients b and c, you use the same process summarized in How To Factor trinomials. 


Example: 
Exercise: 


Problem: Factor: r? — 8rs — 9s?. 


Solution: 


We need r in the first term of each binomial and s in the second term. The last term of the 
trinomial is negative, so the factors must have opposite signs. 


r? — 8rs — 9s? 
Note that the first terms are, last terms contain s. (ne s)i(r 73) 
Find the numbers that multiply to —9 and add to —8. 


Factors of —9 Sum of factors 
1,-9 —-1+9=8 
—1,9 Po a 
oes Ria 
Use 1, —9 as coefficients of the last terms. (r+ s)(r—9s) 
Check: 


(r — 9s) (r+s) 
r?2+rs — 9rs — 9s? 


r? — 8rs — 98° 


Note: 
Exercise: 


Problem: Factor: a2 — 11ab + 10b?. 
Solution: 


(a — b) (a — 106) 


Note: 
Exercise: 


Problem: Factor: m? — 13mn + 12n?. 


Solution: 


(m — n)(m — 12n) 


Some trinomials are prime. The only way to be certain a trinomial is prime is to list all the 
possibilities and show that none of them work. 


Example: 
Exercise: 


Problem: Factor: u2 — 9uv — 12v”. 
Solution: 


We need u in the first term of each binomial and v in the second term. The last term of the 
trinomial is negative, so the factors must have opposite signs. 

u? — 9uv — 12v? 
Note that the first terms are u, last terms contain v. (er wyi(us 2) 
Find the numbers that multiply to —12 and add to —9. 


Factors of —12 Sum of factors 
ei? le) 
—1,12 —14+12=11 
2,—6 2+(-6) = -4 
—2,6 —2+6=4 
3,—4 3+(-4)=-1 
—3,4 —-3+4=1 


Note there are no factor pairs that give us —9 as asum. The trinomial is prime. 


Note: 
Exercise: 


Problem: Factor: 2? — 7xy — 10y?. 


Solution: 


prime 


Note: 
Exercise: 


Problem: Factor: p? + 15pq + 20q?. 
Solution: 


prime 


Let’s summarize the method we just developed to factor trinomials of the form x? + bx + c. 


Note: 

Strategy for Factoring Trinomials of the Form x” + bx + ¢ 

When we factor a trinomial, we look at the signs of its terms first to determine the signs of the 
binomial factors. 

Equation: 


z?+bxr+c 
(x +m) (x+n) 
When cis positive, m and n have the same sign. 


b positive b negative 
m,n positive m,n negative 
z+ 5a2+6 x? — 62 + 8 
(x + 2) (a +3) (a — 4) (a — 2) 
same signs same signs 
When cis negative, m and n have opposite signs. 
z*+a¢—12 x* — 2e —15 
(x + 4) (2 — 3) (2 — 5) (#+3) 
opposite signs opposite signs 


Notice that, in the case when m and n have opposite signs, the sign of the one with the larger 
absolute value matches the sign of b. 


Factor Trinomials of the form ax? + bx + c using Trial and Error 


Our next step is to factor trinomials whose leading coefficient is not 1, trinomials of the form 
ax? + bx +c. 


Remember to always check for a GCF first! Sometimes, after you factor the GCF, the leading 


coefficient of the trinomial becomes 1 and you can factor it by the methods we’ve used so far. Let’s 
do an example to see how this works. 


Example: 
Exercise: 


Problem: Factor completely: 42° + 162? — 20z. 


Solution: 
Is there a greatest common factor? Ax* + 1627 — 20z 
Yes, GCF = 42. Factor it. 4x (ee + 4x — 5) 
Binomial, trinomial, or more than three terms? 
It is a trinomial. So “undo FOIL.” Laem 2 Gree | 
Use a table like the one shown to find two numbers that Az (a — 1) (4 +5) 


multiply to —5 and add to 4. 


Factors of —5 Sum of factors 
=e =e 
ae 1+(-5)=-—4 
Check: 


Az (x — 1) (@ +5) 
Aa(a? + 5a — 2 —5) 
Aa(a? + 42 — 5) 
4x® + 16x? — 202V 


Note: 
Exercise: 


Problem: Factor completely: 52? + 152? — 20z. 


Solution: 


5a (2 — 1) (4 + 4) 


Note: 
Exercise: 


Problem: Factor completely: 6y? + 18y? — 60y. 


Solution: 


6y(y — 2) (y+ 5) 


What happens when the leading coefficient is not 1 and there is no GCF? There are several methods 
that can be used to factor these trinomials. First we will use the Trial and Error method. 


Let’s factor the trinomial 3x? + 5x + 2. 


From our earlier work, we expect this will factor into two binomials. 
Equation: 


327 +5242 


tf 2 y 


We know the first terms of the binomial factors will multiply to give us 3x”. The only factors of 3? 
are 1x, 3x. We can place them in the binomials. 


3x°+5x+2 
Ix, 3x 

oo oN 
(x )(@x ) 


Check: Does 1x - 3a = 3x2? 


We know the last terms of the binomials will multiply to 2. Since this trinomial has all positive 
terms, we only need to consider positive factors. The only factors of 2 are 1, 2. But we now have 
two cases to consider as it will make a difference if we write 1, 2 or 2, 1. 


3x°+5x+2 


3x +5x+2 

1x, 3x 1,2 1x, 3x 12 
a oN ’ eee 

(x+1)(3x+2) or (x+2)(3x+1) 


Which factors are correct? To decide that, we multiply the inner and outer terms. 


3x+5x+2 
1x, 3x 12 


(x + 2) (3x + 1) 
\ox/ 


3X°+5x+2 
1x, 3x ez 


(x+1)(3x+2) or 
3x) 


2x 1x 

5x 7x 
Since the middle term of the trinomial is 5a, the factors in the first case will work. Let’s use FOIL to 
check. 
Equation: 


(a + 1) (3a + 2) 
3a? + 22 + 3a +2 


327 + ba + 2 
Our result of the factoring is: 
Equation: 
327+ 52 +2 
(a + 1) (3a + 2) 
Example: 


How to Factor a Trinomial Using Trial and Error 


Exercise: 


Problem: Factor completely using trial and error: 3y? + 22y + 7. 


Solution: 
BY +22y+7 


The trinomial is already in 


descending order. 


There is no GCF. 


The only of 3y’ are ‘y, 3y. BY +22y+7 


ly, 3y 
Since there is only one pair, BY +22y+7 
we can put them in the ly, 3y 
parentheses. (y )@Gy ) 


The only factors of 7 are 1, 7. BY +22y+7 
ly, 3y 437 


yY )@Gy ) 


BY + 22y+7 
ly, 3y 1 ed 


ae + Dey+ 
iD yeneyeD 


10y No! We need 22y 


BY +22y+7 
ly, 3y 1.2 


(y+ 7) Gy+1) 
wy 
~v 


22y 


(y + 7) (3y +1) 


By + 22y+7V 


Note: 
Exercise: 


Problem: Factor completely using trial and error: 2a? + 5a + 3. 


Solution: 


(a +1) (2043) 


Note: 
Exercise: 


Problem: Factor completely using trial and error: 4b? + 5b + 1. 


Solution: 


(b+ 1) (4b + 1) 


Note: 
Factor trinomials of the form ax? + bz + ¢ using trial and error. 


Write the trinomial in descending order of degrees as needed. 

Factor any GCF. 

Find all the factor pairs of the first term. 

Find all the factor pairs of the third term. 

Test all the possible combinations of the factors until the correct product is found. 
Check by multiplying. 


Remember, when the middle term is negative and the last term is positive, the signs in the binomials 
must both be negative. 


Example: 
Exercise: 


Problem: Factor completely using trial and error: 6b? — 13b + 5. 


Solution: 
The trinomial is already in descending order. 6b°-13b+5 
6b°-13b+5 
Find the factors of the first term. 1b+ 6b 
2b*3b 


Find the factors of the last term. Consider the signs. 
Since the last term, 5, is positive its factors must both be 


positive or both be negative. The coefficient of the 6b*-13b+ 5 


: 3 : P 1b+ 6b 
middle term is negative, so we use the negative factors. 2b + 3b 


Consider all the combinations of factors. 


6b? — 13b +5 

Possible factors Product 
(b— 1) (6b—5) 6b? — 11b +5 
(b — 5) (6b — 1) 6b? — 31b +5 
(2b = (365) 6b? — 13b+5° 
(25 5)(3b-— 11) 6b? — 17b+5 


The correct factors are those whose product 


is the original trinomial. (2b — 1) (3b — 5) 


Check by multiplying: 


(2b — 1) (3b — 5) 
6b? — 10b — 3b +5 
6b? — 13b + 5V 


Note: 
Exercise: 


Problem: Factor completely using trial and error: 8x7 — 132 + 3. 


Solution: 


(22 — 3) (4x — 1) 


Note: 
Exercise: 


-1,-5 


Problem: Factor completely using trial and error: 10y? — 37y + 7. 


Solution: 


(Zi 4) (oy 1) 


When we factor an expression, we always look for a greatest common factor first. If the expression 
does not have a greatest common factor, there cannot be one in its factors either. This may help us 
eliminate some of the possible factor combinations. 


Example: 
Exercise: 


Problem: Factor completely using trial and error: 1827 — 37ry + 15y’. 


Solution: 
The trinomial is already in descending order. 18x* -— 37xy + 15y° 
18x’ — 37xy + 15y’ 
Find the factors of the first term. blips 
3x- 6x 


Find the factors of the last term. Consider the signs. 18x° — 37xy + 15° 


Since 15 is positive and the coefficient of the middle eee 1,15 
term is negative, we use the negative factors. ir = 


Consider all the combinations of factors. 


The correct factors are those whose product is 


an option. 


the original trinomial. (22 — 3y)(9z — 5y) 
Check by multiplying: 


(2x — 3y)(9x — 5y) 
18x? — 10ry — 27ry + 15y 
18a? — 37xy + 15y°V 


Note: 
Exercise: 


Problem: Factor completely using trial and error 18x? — 3xy — 10y?. 


Solution: 


(3a + 2y) (62 — 5y) 


Note: 
Exercise: 


Problem: Factor completely using trial and error: 30x? — 532y — 21y/?. 


Solution: 


(3a + y) (102 — 21y) 


Don’t forget to look for a GCF first and remember if the leading coefficient is negative, so is the 
GCF. 


Example: 
Exercise: 


Problem: Factor completely using trial and error: —10y* — 55y* — 60y/. 


Solution: 
-10y* — 55y’ - 60 
Notice the greatest common factor, so factor it first. -5y(2y + 11y + 12) 
-5y fay +11y+12 
Factor the trinomial. yry 1012 
3+4 


Consider all the combinations. 


29729 _| netanopion | —F 


means this combination is not 


an option. 


The correct factors are those whose product 

is the original trinomial. Remember to include 

the factor —5y?. —5y? (y + 4) (2y + 3) 
Check by multiplying: 


—5y? (y + 4) (2y+ 3) 


—5y? (2y? + 8y + 3y + 12) 
10y* — 55y? — 60y2V 


Note: 
Exercise: 


Problem: Factor completely using trial and error: 15n? — 85n? + 100n. 
Solution: 


5n (n — 4) (3n — 5) 


Note: 
Exercise: 


Problem: Factor completely using trial and error: 56q? + 320q? — 96q. 
Solution: 


8q (q+ 6) (7q — 2) 


Factor Trinomials of the Form az? + bz + c using the “ac” Method 


Another way to factor trinomials of the form ax? + bx + c is the “ac” method. (The “ac” method is 
sometimes called the grouping method.) The “ac” method is actually an extension of the methods 
you used in the last section to factor trinomials with leading coefficient one. This method is very 
structured (that is step-by-step), and it always works! 


Example: 
How to Factor Trinomials using the “ac” Method 
Exercise: 


Problem: Factor using the ‘ac’ method: 6x? + 7x + 2. 


Solution: 


Is there a greatest common 


factor? Nol 


6x°+ 7x+2 


aec 
62 
12 


Find two numbers that 
multiply to 12 and add to 7. 
Both factors must be 
positive. 


3°4=12 3+4=7 


Rewrite 7x as 3x + 4x. It 
would also give the same 
result if we used 4x + 3x. 


Notice that 

6x? + 3x + 4x + 2 is equal to 
6x + 7x + 2. We just split 
the middle term to get a 
more useful form. 


6x? + 3x+4x+2 
Saat | ees 


ax’ + bx +c 
6x? + 7x+2 


6x + 7x+2 


3x(2x + 1) + 2(2x + 1) 
(2x + 1)(3x + 2) 


(2x + 1)(3x + 2) 


6x? + 4x + 3x+2 
6x? + 7x+2V7 


Note: 
Exercise: 


Problem: Factor using the ‘ac’ method: 627 + 132 + 2. 


Solution: 


(x + 2) (6x + 1) 


Note: 
Exercise: 


Problem: Factor using the ‘ac’ method: 4y? + 8y + 3. 


Solution: 


(2y + 1) (2y + 3) 


The “ac” method is summarized here. 


Note: 
Factor trinomials of the form ax” + bz + c using the “ac” method. 


Factor any GCF. 
Find the productac. 
Find two numbersmandnthat:Multiply to ac Mr — 26 
Addtob m+n=b 
ax* + br +c 
Split the middle term usingmandn. ax*+mz+nz+c¢ 
Factor by grouping. 


Check by multiplying the factors. 


Don’t forget to look for a common factor! 


Example: 
Exercise: 


Problem: Factor using the ‘ac’ method: 10y”? — 55y + 70. 


Solution: 


Is there a greatest common factor? 


Yes. The GCF is 5. 


Factor it. 


The trinomial inside the parentheses has 
a 

leading coefficient that is not 1. 

Find the product ac. 


Find two numbers that multiply to ac 


and add to b. 


Split the middle term. 


Factor the trinomial by grouping. 


Check by multiplying all three factors. 


5 (y — 2) (2y — 7) 

5 (2y? — Ty — 4y + 14) 
5 (2y? — 11y + 14) 
10y? — 55y + 70V 


Note: 
Exercise: 


10y?-— 55y + 70 


5(2y*- 11y + 14) 


ax + bx + ¢€ 


5(2y?- 11y + 14) 


ac = 28 
(—4)(—7) = 28 
4+(-—7)=-11 


5(2y*- 11y + 14) 


r \ 


5(2y? - 7y -4y + 14) 


5(y (2y - 7)-2y - 7)) 


5(y - 2)(2y - 7) 


Problem: Factor using the ‘ac’ method: 16x? — 322 + 12. 


Solution: 


4 (2x — 3) (2a — 1) 


Note: 
Exercise: 


Problem: Factor using the ‘ac’ method: 18w? — 39w + 18. 


Solution: 


3 (3w — 2) (2w — 3) 


Factor Using Substitution 
Sometimes a trinomial does not appear to be in the ax? + br + c form. However, we can often 
make a thoughtful substitution that will allow us to make it fit the az? + bx + c form. This is called 


factoring by substitution. It is standard to use u for the substitution. 


In the ax? + ba + c, the middle term has a variable, x, and its square, x’, is the variable part of the 
first term. Look for this relationship as you try to find a substitution. 


Example: 
Exercise: 


Problem: Factor by substitution: «4 — 4x? — 5. 
Solution: 


The variable part of the middle term is x? and its square, x’, is the variable part of the first 
2 

term. (We know (2?) = 2°). If we let u = 2” 

form we need to factor it. 


, we Can put our trinomial in the az” + br + ¢ 


Rewrite the trinomial to prepare for the substitution. 


Let u = x? and substitute. 


Factor the trinomial. 


Replace u with x?. 


Check: 
(ae + 1) (a7 _ 5) 
fhe oe — 5 
ag — An? — 5V 
Note: 
Exercise: 


Problem: Factor by substitution: h4 + 4h? — 12. 


Solution: 


(h? — 2) (h? +6) 


Note: 
Exercise: 


Problem: Factor by substitution: y* — y* — 20. 
Solution: 


(y° + 4) (y — 5) 


x -4¢-5 


(x - 40e)- 5 


ue-4u-5 


(u + 1(u—5) 


(x? + 1)? — 5) 


Sometimes the expression to be substituted is not a monomial. 


Example: 
Exercise: 


Problem: Factor by substitution: (x — 2)” + 7(a — 2) +12 
Solution: 


The binomial in the middle term, (a — 2) is squared in the first term. If we let u = x — 2 and 
substitute, our trinomial will be in az? + bx + c form. 


(x — 2) + 7(x-—2)+ 12 


Rewrite the trinomial to prepare for the substitution. (x -— 2) + 7(x-2)+12 
Let wu = x — 2 and substitute. w+ 7u+12 
Factor the trinomial. (u + 3)(u + 4) 
Replace u with x — 2. ((x — 2) + 3X((x — 2) + 4) 
Simplify inside the parentheses. (x + 1)(x + 2) 


This could also be factored by first multiplying out the (a — 2)” and the 7 (a — 2) and then 
combining like terms and then factoring. Most students prefer the substitution method. 


Note: 
Exercise: 


Problem: Factor by substitution: (x — 5)” + 6 (x — 5) + 8. 


Solution: 


(x — 3) (a —1) 


Note: 
Exercise: 


Problem: Factor by substitution: (y — 4)? + 8(y— 4) + 15. 


Solution: 


(ee) al) 


Note: 
Access this online resource for additional instruction and practice with factoring. 


e Factor a trinomial using the AC method 


Key Concepts 
¢ How to factor trinomials of the form x? + bz + c. 


Write the factors as two binomials with first termsx. ee +brte 
(x )(x ) 
Find two numbersmandnthatmultiply to c,m-n=c 
add to bm+n=b 
Usemandnas the last terms of the factors. (2 +m) (x+n) 
Check by multiplying the factors. 


¢ Strategy for Factoring Trinomials of the Form x” + bz + c: When we factor a trinomial, we 
look at the signs of its terms first to determine the signs of the binomial factors. 


x? +br +c 
(x +m) (x+n) 
When cis positive, m and n have the same sign. 


b positive bnegative 
m,n positive m,n negative 
z’*+5a2+6 x? —62+8 

(x + 2) (# +3) (2 — 4) (a — 2) 
same signs same signs 
When cis negative, m and n have opposite signs. 
z+a—12 x? — 22 —15 
(x + 4) (x — 3) (x — 5) (# +3) 
opposite signs opposite signs 


Notice that, in the case when m and n have opposite signs, the sign of the one with the larger 
absolute value matches the sign of b. 
¢ How to factor trinomials of the form ax? + bx + c using trial and error. 


Write the trinomial in descending order of degrees as needed. 

Factor any GCF. 

Find all the factor pairs of the first term. 

Find all the factor pairs of the third term. 

Test all the possible combinations of the factors until the correct product is found. 
Check by multiplying. 


¢ How to factor trinomials of the form ax” + bz + c using the “ac” method. 


Factor any GCF. 
Find the productac. 
Find two numbersmandnthat:Multiply to ac. m-n=a-c 
Add to b. mtn=b 
ax? +br+c 
Split the middle term usingmandn. az’? +mxe+nx+e 
Factor by grouping. 


Check by multiplying the factors. 


Practice Makes Perfect 
Factor Trinomials of the Form 2? + br +c 


In the following exercises, factor each trinomial of the form x? + bx + c. 
Exercise: 


Problem: p” + 11p + 30 


Solution: 


(p + 5) (p + 6) 


Exercise: 


Problem: w? + 10x + 21 


Exercise: 


Problem: n? + 197 + 48 


Solution: 


(n +3) (n + 16) 


Exercise: 


Problem: b? + 14) + 48 


Exercise: 


Problem: a? + 25a + 100 


Solution: 


(a + 5) (a + 20) 


Exercise: 


Problem: u2 + 101u + 100 


Exercise: 


Problem: x? — 8x + 12 


Solution: 


(x — 2)(x — 6) 


Exercise: 


Problem: gq’ — 13q + 36 


Exercise: 


Problem: y” — 18y + 45 


Solution: 


(y— 3)(y— 15) 


Exercise: 


Problem: m2 — 13m + 30 


Exercise: 


Problem: x? — 8x + 7 


Solution: 


(x — 1)(@— 7) 


Exercise: 


Problem: y” — 5y + 6 


Exercise: 


Problem: 5p — 6 + p’ 
Solution: 


(p —1)(p + 6) 


Exercise: 


Problem: 6n — 7 + 2 


Exercise: 


Problem: 8 — 6z + x” 


Solution: 


(a — 4)(x — 2) 


Exercise: 


Problem: 7x + x2 +6 


Exercise: 


Problem: x? — 12 — 1lz 


Solution: 


(x — 12)(4 +1) 


Exercise: 


Problem: —11 — 10x + x? 


In the following exercises, factor each trinomial of the form x? + bry + cy?. 


Exercise: 
Problem: x? — 2xy — 80y’ 


Solution: 


(x + 8y)(x — 10y) 


Exercise: 


Problem: p”? — 8pq — 65q’ 
Exercise: 

Problem: m? — 64mn — 65n? 

Solution: 


(m+ n)(m — 65n) 


Exercise: 


Problem: p* — 2pq — 35q? 


Exercise: 
Problem: a? + 5ab — 24b? 


Solution: 
(a + 8b) (a — 3b) 


Exercise: 


Problem: r? + 3rs — 28s? 


Exercise: 
Problem: x” — 3xy — 14y 


Solution: 


Prime 


Exercise: 


Problem: u2 — 8uv — 24v? 


Exercise: 


Problem: m2 — 5mn + 30n? 
Solution: 


Prime 


Exercise: 
Problem: c”? — 7cd + 18d? 


Factor Trinomials of the Form ax” + bx + c Using Trial and Error 


In the following exercises, factor completely using trial and error. 
Exercise: 


Problem: p* — 8p? — 20p 
Solution: 


p(p — 10)(p + 2) 


Exercise: 


Problem: g°® — 5q? — 24q 


Exercise: 


Problem: 3m? — 21m? + 30m 


Solution: 


3m(m — 5)(m — 2) 


Exercise: 


Problem: 11n? — 55n? + 44n 


Exercise: 


Problem: 5* + 10x? — 752? 
Solution: 


5a*(a — 3)(2 +5) 


Exercise: 


Problem: 674 + 12y? — 48y 


Exercise: 


Problem: 2¢? + 7¢ +5 


Solution: 


(2+ 5)(€+ 1) 


Exercise: 


Problem: 5y” + 16y + 11 


Exercise: 


Problem: 112? + 34x” + 3 


Solution: 


(11 + 1)(x +3) 


Exercise: 


Problem: 7b? + 50b + 7 


Exercise: 


Problem: 4w? — 5w +1 


Solution: 


(4w — 1) (w—1) 


Exercise: 


Problem: 52? — 17x + 6 


Exercise: 
Problem: 4q? — 7q — 2 


Solution: 


(4q + 1) (q- 2) 


Exercise: 


Problem: 10y” — 53y — 11 


Exercise: 


Problem: 6p? — 19pq + 10q’ 


Solution: 


(2p — 5q)(3p — 2q) 
Exercise: 


Problem: 21m? — 29mn + 10n? 


Exercise: 


Problem: 4a? + 17ab — 15b? 


Solution: 


(4a — 3b) (a + 5b) 


Exercise: 


Problem: 6u? + 5uv — 14v? 


Exercise: 


Problem: — 16x? — 32x — 16 


Solution: 
—16 (# + 1) (x +1) 


Exercise: 


Problem: — 81a? + 153a + 18 


Exercise: 


Problem: —30q° — 140q? — 80q 
Solution: 


10g (3q + 2) (q+ 4) 


Exercise: 
Problem: —5y°* — 30y? + 35y 


Factor Trinomials of the Form az” + bz + c using the ‘ac’ Method 


In the following exercises, factor using the ‘ac’ method. 
Exercise: 


Problem: 5n? + 21n + 4 


Solution: 


(5n + 1)(n+4+ 4) 


Exercise: 


Problem: 8w? + 25w + 3 


Exercise: 


Problem: 4k? — 16k + 15 
Solution: 


(2k — 3)(2k — 5) 


Exercise: 


Problem: 5s? — 9s + 4 


Exercise: 


Problem: 6y’ + y — 15 
Solution: 


(3y + 5)(2y — 3) 


Exercise: 


Problem: 6p? + p — 22 


Exercise: 


Problem: 2n? — 27n — 45 
Solution: 


(2n + 3)(n — 15) 


Exercise: 


Problem: 122? — 41z— 11 


Exercise: 


Problem: 60y” + 290y — 50 


Solution: 


10(6y — 1)(y+5) 


Exercise: 


Problem: 6u? — 46u — 16 


Exercise: 


Problem: 482° — 1022? — 45z 
Solution: 


3z(8z + 3)(2z — 5) 


Exercise: 


Problem: 90n? + 42n? — 216n 


Exercise: 


Problem: 16s” + 40s + 24 
Solution: 


8 (2s +3) (s+1) 


Exercise: 


Problem: 24p” + 160p + 96 


Exercise: 


Problem: 48y” + 12y — 36 


Solution: 


12 (4y — 3) (y+ 1) 


Exercise: 
Problem: 30x? + 105x — 60 


Factor Using Substitution 


In the following exercises, factor using substitution. 
Exercise: 


Problem: x* — x? — 12 


Solution: 


(a? + 3) (a? — 4) 


Exercise: 


Problem: x* + 22? — 8 


Exercise: 


Problem: x* — 3x? — 28 


Solution: 


(a? — 7)(a? + 4) 


Exercise: 


Problem: x* — 13x? — 30 


Exercise: 


Problem: (x — 3)” — 5 (x — 3) — 36 


Solution: 


(x — 12)(a +1) 


Exercise: 


Problem: (a — 2)” — 3(a —2)—54 


Exercise: 


Problem: (3y — 2)” — (3y — 2) — 2 
Solution: 


(3y — 4) (8y — 1) 


Exercise: 


Problem: (5y — 1)” — 3(5y— 1) — 18 


Mixed Practice 


In the following exercises, factor each expression using any method. 
Exercise: 


Problem: wu? — 12u + 36 


Solution: 


(u — 6)(u — 6) 


Exercise: 


Problem: x? — 14x — 32 


Exercise: 


Problem: 7? — 20rs + 64s? 


Solution: 


(r — 4s)(r — 16s) 


Exercise: 


Problem: q” — 29qr — 96r? 


Exercise: 


Problem: 12” — 29y + 14 


Solution: 


(4y — 7) (8y — 2) 


Exercise: 


Problem: 1227 + 36y — 24z 
Exercise: 
Problem: 6n? + 5n — 4 


Solution: 
(2n — 1) (8n + 4) 


Exercise: 


Problem: 3q? + 6q + 2 
Exercise: 

Problem: 1327 + 39z — 26 

Solution: 

13 (2? + 3z— 2) 


Exercise: 


Problem: 57? + 25r + 30 


Exercise: 


Problem: 3p? + 21p 
Solution: 


3p (p + 7) 


Exercise: 


Problem: 7x? — 21z 


Exercise: 


Problem: 67? + 30r + 36 


Solution: 


6 (r+ 2) (r+ 3) 


Exercise: 


Problem: 18m? + 15m + 3 


Exercise: 


Problem: 24n? + 20n + 4 
Solution: 


4(2n + 1) (8n + 1) 


Exercise: 


Problem: 4a? + 5a + 2 


Exercise: 


Problem: x4 — 4x? — 12 


Solution: 


(a + 2) (ey — 6) 


Exercise: 


Problem: x* — 7x? — 8 


Exercise: 


Problem: (x + 3)’ — 9(a +3) — 36 
Solution: 


(a — 9)(x +6) 


Exercise: 


Problem: (x + 2)” — 25 (a +2) —54 


Writing Exercises 


Exercise: 


Problem: 


Many trinomials of the form x? + ba + c factor into the product of two binomials 
(x + m)(x +n). Explain how you find the values of m and n. 


Solution: 


Answers will vary. 
Exercise: 


Problem: 


Tommy factored x? — x — 20 as (x + 5)(x — 4). Sara factored it as (x + 4)(x — 5). Emesto 
factored it as (x — 5)(a — 4). Who is correct? Explain why the other two are wrong. 


Exercise: 


Problem: 


List, in order, all the steps you take when using the “ac” method to factor a trinomial of the 
form ax? + bx + c. 


Solution: 


Answers will vary. 


Exercise: 


Problem: How is the “ac” method similar to the “undo FOIL” method? How is it different? 


Self Check 


(a) After completing the exercises, use this checklist to evaluate your mastery of the objectives of 
this section. 


factor trinomials of the form x + bx + c | ok 


factor trinomials of the form ax* + bx + c 
using trial and error. 
factor trinomials of the form ax? + bx + c 
with using the “ac” method. 
— 


(6) After reviewing this checklist, what will you do to become confident for all objectives? 


Factor Special Products 
By the end of this section, you will be able to: 


e Factor perfect square trinomials 
e Factor differences of squares 
e Factor sums and differences of cubes 


Note: 
Before you get started, take this readiness quiz. 


1. Simplify: (3x7) 2. 

If you missed this problem, review [link]. 
2. Multiply: (m + 4)’. 

If you missed this problem, review [link]. 
3. Multiply: (a —'3)i(@ +3). 

If you missed this problem, review [link]. 


We have seen that some binomials and trinomials result from special products—squaring binomials and 
multiplying conjugates. If you learn to recognize these kinds of polynomials, you can use the special products 
patterns to factor them much more quickly. 


Factor Perfect Square Trinomials 


Some trinomials are perfect squares. They result from multiplying a binomial times itself. We squared a binomial 
using the Binomial Squares pattern in a previous chapter. 


a + bY 
3x+4 
@ +2*a*b +h 


(3x) + 2(3x* 4) + 4 


9x + 24x + 16 
The trinomial 9x? + 242 + 16 is called a perfect square trinomial. It is the square of the binomial 3x + 4. 
In this chapter, you will start with a perfect square trinomial and factor it into its prime factors. 


You could factor this trinomial using the methods described in the last section, since it is of the form 
ax? + ba +c. But if you recognize that the first and last terms are squares and the trinomial fits the perfect square 
trinomials pattern, you will save yourself a lot of work. 


Here is the pattern—the reverse of the binomial squares pattern. 


Note: 

Perfect Square Trinomials Pattern 
If a and b are real numbers 
Equation: 


a? + 2ab+ b? = (a+b)? 
a? — 2ab + b? = (a —b)* 


To make use of this pattern, you have to recognize that a given trinomial fits it. Check first to see if the leading 
coefficient is a perfect square, a”. Next check that the last term is a perfect square, 6”. Then check the middle term 
—is it the product, 2ab? If everything checks, you can easily write the factors. 


Example: 
How to Factor Perfect Square Trinomials 
Exercise: 


Problem: Factor: 92? + 12x + 4. 


Solution: 


Is 9x* a perfect square? Oe .F 12x + 4 
Yes—wrrite it as (3x)*. (3x? 


Is 4 a perfect square? 


Yes—write it as (2). (3xy (2y 


Is 12x twice the (3x¥ (2) 
product of 3x and 2? Naan) Pi 
Does it match? Yes, so 

we have a perfect 12x 

square trinomiall! 


9x°+12x+4 


ao +22 a*b+bh 
(3xP +2°3x*24+2 


(a + bf 
(3x + 27 


(3x + 2) 


(3xP +2°3x°2+2 
9x? + 12x+4V7 


Note: 
Exercise: 


Problem: Factor: 42? + 12x + 9. 


Solution: 


(2x + 3)? 


Note: 
Exercise: 


Problem: Factor: 9y” + 24y + 16. 
Solution: 


(3y + 4)’ 


The sign of the middle term determines which pattern we will use. 
pattern a? — 2ab + b?, which factors to (a — b)”. 


The steps are summarized here. 


Note: 
Factor perfect square trinomials. 
Step 1. Does the trinomial fit the pattern? 


Is the first term a perfect square? 


Write it as a square. 


Is the last term a perfect square? 


Write it as a square. 


Check the middle term. Is it 2ab? 


Step 2. Write the square of the binomial. 
Step 3. Check by multiplying. 


We’ll work one now where the middle term is negative. 


Example: 
Exercise: 


Problem: Factor: 81y” — 72y + 16. 


Solution: 


When the middle term is negative, we use the 


a? + 2ab+ 0? 


(a) 


Ge abeebe 
(a)” 


The first and last terms are squares. See if the middle term fits the pattern of a perfect square trinomial. The 
middle term is negative, so the binomial square would be (a — 6)”. 


Are the first and last terms perfect squares? 


Check the middle term. 


Does it match (a — )*? Yes. 


Write as the square of a binomial. 


Check by multiplying: 


(9y — 4)” 
(9y)? —2-9y-44+4? 
81y? — 72y + 16V 


Note: 
Exercise: 


Problem: Factor: 64y? — 80y + 25. 
Solution: 


(8y — 5)” 


Note: 
Exercise: 


Problem: Factor: 1627 — 72z + 81. 
Solution: 


(4z— 9)? 


The next example will be a perfect square trinomial with two variables. 


81y°-72y + 16 
(9y/ (4/ 


(ay (4y 
S / 


2(9y\(4) 
72y 


@ -2 a b+bh 
(9yP-2*9y*4+4+4* 


(9y- 4) 


Example: 
Exercise: 


Problem: Factor: 36x? + 84ry + 49y?. 


Solution: 


Test each term to verify the pattern. 


Factor. 
Check by multiplying. 
(6% + Ty)” 
(6x)? +2- 6x - Ty + (Ty)? 
36a? + 84ary + 497° 
Note: 
Exercise: 


Problem: Factor: 49x? + 84ary + 36y’. 
Solution: 


(7a + 6y)? 


Note: 
Exercise: 


Problem: Factor: 64m? + 112mn + 49n?. 


Solution: 


(8m + 7n)? 


36x? + B4xy + 497° 


ao +2a b+ Bb 
(6x) + 2 * 6x * 7y + (7yY 


(6x + 7yy 


Remember the first step in factoring is to look for a greatest common factor. Perfect square trinomials may have a 
GCF in all three terms and it should be factored out first. And, sometimes, once the GCF has been factored, you 
will recognize a perfect square trinomial. 


Example: 
Exercise: 


Problem: Factor: 100x7y — 80xy + 16y. 


Solution: 


100x’y — 80xy + 16y 


Is there a GCF? Yes, 4y, so factor it out. 4y(25x’ — 20x + 4) 
Is this a perfect square trinomial? 


a -2 a b+b 


Verify the pattern. 4y|(Sxy¥ - 2+ 5x+2+ 2" 


Factor. 4y(5x - 2) 


Remember: Keep the factor 4y in the final product. 


Check: 
2 
Ay(5a — 2) 
Ay (2)? Bae ee 2] 
Ay (25x? — 20x + 4) 
100a7y — 80xy + 16yV 

Note: 
Exercise: 


Problem: Factor: 827y — 24ry + 18y. 


Solution: 


2y(2ax — 3)? 


Note: 
Exercise: 


Problem: Factor: 27p2q + 90pq + 75q. 
Solution: 


3q(3p + 5)” 


Factor Differences of Squares 
The other special product you saw in the previous chapter was the Product of Conjugates pattern. You used this to 
multiply two binomials that were conjugates. Here’s an example: 


(a -— b) (a + b) 
(3x — 4)(3x + 4) 


(ay - (by 
(3xY’ — (4 


9x*- 16 


A difference of squares factors to a product of conjugates. 


Note: 
Difference of Squares Pattern 
If a and b are real numbers, 


difference 
’ 
@—b’=(a-b)(a+b) = @ . b* = (a— b)(a + b) 
—___ , —____ 
squares conjugates 


Remember, “difference” refers to subtraction. So, to use this pattern you must make sure you have a binomial in 
which two squares are being subtracted. 


Example: 


How to Factor a Trinomial Using the Difference of Squares 
Exercise: 


Problem: Factor: 64y” — 1. 


Solution: 


x and 2’. (8yy - 1? 


Write them as eo | 


(a - b) (a +b) 
(8y — 1)(8y + 1) 


(8y — 1)(8y + 1) 


64y'- 17 


Note: 
Exercise: 


Problem: Factor: 121m? — 1. 


Solution: 


(11m — 1) (11m +1) 


Note: 
Exercise: 


Problem: Factor: 81y” — 1. 
Solution: 


(9y — 1) (y+ 1) 


Note: 
Factor differences of squares. 
Step 1. Does the binomial fit the pattern? 


Is this a difference? 

Are the first and last terms perfect squares? 
Step 2. Write them as squares. 
Step 3. Write the product of conjugates. 
Step 4. Check by multiplying. 


Ct 
(a)’ — (6° 
(a — b) (a+b) 


It is important to remember that sums of squares do not factor into a product of binomials. There are no binomial 
factors that multiply together to get a sum of squares. After removing any GCF, the expression a? + b? is prime! 


The next example shows variables in both terms. 


Example: 
Exercise: 


Problem: Factor: 1442” — 497’. 


Solution: 
1442? — 49y? 
Is this a difference of squares? Yes. (12x)? — (7y)? 
Factor as the product of conjugates. (12% — 7y) (122 + 7y) 
Check by multiplying. 
(12¢ = fy) (laa ty) 
1442? — 4927 
Note: 
Exercise: 


Problem: Factor: 196m? — 25n?. 


Solution: 


(16m — 5n) (16m + 5n) 


Note: 
Exercise: 


Problem: Factor: 121p” — 9q’. 
Solution: 


(11p — 3q) (Llp + 3q) 


As always, you should look for a common factor first whenever you have an expression to factor. Sometimes a 


common factor may “disguise” the difference of squares and you won’t recognize the perfect squares until you 
factor the GCF. 


Also, to completely factor the binomial in the next example, we’ll factor a difference of squares twice! 


Example: 
Exercise: 


Problem: Factor: 4824y? — 243y?. 


Solution: 

A8aty? — 243y? 
Is there a GCF? Yes, 3y’—factor it out! 3y? (1624 = 81) 
Is the binomial a difference of squares? Yes. 3y’ ((42”) os (9)’) 
Factor as a product of conjugates. 3y? (42? = 9) (4x? SF 9) 
Notice the first binomial is also a difference of squares! 3y? (22)? — (3)’) (427 + 9) 
Factor it as the product of conjugates. 3y? (2x — 3) (2a + 3) (4a? + 9) 


The last factor, the sum of squares, cannot be factored. 
Check by multiplying: 
3y? (2x — 3) (2a + 3) (4a? + 9) 
3y? (4a? — 9) (4a? + 9) 
3y” (1624 — 81) 
A8x4y* — 243y°V 


Note: 
Exercise: 


Problem: Factor: 274y? — 32y”. 


Solution: 


Note: 
Exercise: 


Problem: Factor: 7a‘*c? — 7b‘c?. 


Solution: 


7c? (a — b) (a +b) (a? + 8?) 


The next example has a polynomial with 4 terms. So far, when this occurred we grouped the terms in twos and 
factored from there. Here we will notice that the first three terms form a perfect square trinomial. 


Example: 
Exercise: 


Problem: Factor: x? — 62 + 9 — y?. 


Solution: 


Notice that the first three terms form a perfect square trinomial. 


Factor by grouping the first three terms. 


Use the perfect square trinomial pattern. 


Is this a difference of squares? Yes. 


Yes—write them as squares. 


Factor as the product of conjugates. 


You may want to rewrite the solution as (x 


Note: 
Exercise: 


Problem: Factor: x” — 10x + 25 — y?. 


Solution: 


Note: 


x -6x+9-y 


x -6x+9-y¥ 


(x-3)'-y 


e -v¥ 
(x-3/-y 


(a -b) (x +b) 
((x- 3) —yX(x - 3) + y) 


(x-3-y\(x-3+4+y) 


Exercise: 


Problem: Factor: x? + 62 + 9 — 4y?. 


Solution: 


Factor Sums and Differences of Cubes 


There is another special pattern for factoring, one that we did not use when we multiplied polynomials. This is the 
pattern for the sum and difference of cubes. We will write these formulas first and then check them by 
multiplication. 

Equation: 


a? + b§ = (a + b) (a? — ab + b?) 
a? — b? = (a — b) (a? + ab + b’) 


We’ll check the first pattern and leave the second to you. 


(a + b)(a@? - ab + b’) 


Distribute. a(a* — ab + b’) + b(a’ - ab + b’) 
Multiply. a’ - a’b + ab* + a’b - ab? + b’ 
Combine like terms. a+b 

Note: 

Sum and Difference of Cubes Pattern 

Equation: 


a? + b? = (a + b) (a? — ab + b?) 
a? — b? = (a— b) (a? + ab + b?) 


The two patterns look very similar, don’t they? But notice the signs in the factors. The sign of the binomial factor 
matches the sign in the original binomial. And the sign of the middle term of the trinomial factor is the opposite of 
the sign in the original binomial. If you recognize the pattern of the signs, it may help you memorize the patterns. 


a+ b’=(a+ b)(a’- ab+b’) 
same sign 
opposite signs 
a — b’ =(a—b) (a + ab + b’) 
same sign 


opposite signs 
The trinomial factor in the sum and difference of cubes pattern cannot be factored. 


It be very helpful if you learn to recognize the cubes of the integers from 1 to 10, just like you have learned to 
recognize squares. We have listed the cubes of the integers from 1 to 10 in [link]. 


n 1 2 3 4 5 6 7 8 9 10 
n3 1 8 27 64 125 216 343 512 729 1000 
Example: 
How to Factor the Sum or Difference of Cubes 
Exercise: 


Problem: Factor: x? + 64. 


Solution: 


This is a sum. 
Yes. 


Write them as a+b 
xX? and 4°. e+4 


This is a sum of cubes. oo Ae spat 
+ 4)\x- co) 


It is already simplified. (x + 4)(x* — 4x + 16) | 


Note: 
Exercise: 


Problem: Factor: x? + 27. 
Solution: 


(a + 3) (x? — 32 +9) 


Note: 
Exercise: 


Problem: Factor: y° + 8. 


Solution: 


(y + 2) (y? — 2y + 4) 


Note: 
Factor the sum or difference of cubes. 


Does the binomial fit the sum or difference of cubes 
pattern? 

Write them as cubes. 

Use either the sum or difference of cubes pattern. 
Simplify inside the parentheses. 

Check by multiplying the factors. 


Example: 
Exercise: 


Problem: Factor: 27u°® — 125v°. 


Solution: 


Is it a sum or 
difference? 


Are the first and last terms perfect 
cubes? 


This binomial is a difference. The first and last 
terms are perfect cubes. 


Write the terms as cubes. 


Use the difference of cubes pattern. 


Simplify. 


Check by multiplying. 


Note: 
Exercise: 


Problem: Factor: 8x° — 27y°. 


Solution: 


(2x — 3y) (4x? — 6ry + Oy’) 


Note: 
Exercise: 


Problem: Factor: 1000m? — 125n°. 
Solution: 


(10m — 5n) (100m? — 50mn + 25n”) 


27u’ - 125V 


a - b 


(3u)’ - (Svp 
(3 a sv)((auy + 3u°5v+ Gv) 


(a eke, + Gb + a} 
3u — 5v/\9u? + 15uv + 25V 


We'll leave the check to you. 


In the next example, we first factor out the GCF. Then we can recognize the sum of cubes. 


Example: 
Exercise: 


Problem: Factor: 6z*y + 48y*. 


Solution: 
6x*y + 48y" 
Factor the common factor. 6y(x’ + 8y’) 
This binomial is a sum The first and last 
terms are perfect cubes. 
e a+ 
Write the terms as cubes. 6y (e + ey) 
b\(a- ab b 
Use the sum of cubes pattern. 6y (3 es yy) (% -x : oy + ayy) 


Simplify. 6y(x + 2y)(x’ - 2xy + 4y’) 


Check: 


To check, you may find it easier to multiply the sum of cubes factors first, then multiply that product by 6y. 
We'll leave the multiplication for you. 


Note: 
Exercise: 


Problem: Factor: 500p* + 4q°. 


Solution: 


A(5p + q) (25p” — 5pq + q”) 


Note: 
Exercise: 


Problem: Factor: 432c* + 686d. 


Solution: 


2 (6c + 7d) (36c? — 42cd + 49d”) 


The first term in the next example is a binomial cubed. 


Example: 
Exercise: 


Problem: Factor: (« + 5)° — 642°. 


Solution: 


This binomial is a difference. The first and 
last terms are perfect cubes. 


Write the terms as cubes. 


Use the difference of cubes pattern. 


Simplify. 


Check by multiplying. 


Note: 
Exercise: 


Problem: Factor: (y + 1)* — 27y’. 


(x + 5)? - 64x? 


a - b 
(x + 52 — (4x)? 


a - b a + a b+ Bb 
(x + 5)— 4x] \(x + 5) + (x +5) * 4x + (4x7 
(x + 5 — 4x)(x? + 10x + 25 + 4x? + 20x + 16x’) 


(-3x + 5)(21x’ + 30x + 25) 


We'll leave the check to you. 


Solution: 


(—2y + 1) (13y? + By + 1) 


Note: 
Exercise: 


Problem: Factor: (n + 3)* — 125n’. 


Solution: 


(—4n + 3) (31n? + 21n + 9) 


Note: 


Access this online resource for additional instruction and practice with factoring special products. 


e Factoring Binomials-Cubes #2 


Key Concepts 


¢ Perfect Square Trinomials Pattern: If a and b are real numbers, 


Equation: 


a? + 2ab + b? = (a +b)? 


a? — 2ab + b? = (a — 


¢ How to factor perfect square trinomials. 
Step 1. Does the trinomial fit the pattern? 


Is the first term a perfect square? 


Write it as a square. 


Is the last term a perfect square? 


Write it as a square. 


Check the middle term. Is it 2ab? 


Step 2. Write the square of the binomial. 
Step 3. Check by multiplying. 
¢ Difference of Squares Pattern: If a, b are real numbers, 


difference 
' 
@-b=(a—b)(a+b)  @ = b’ = (a—b)(a + b) 
——— 
squares conjugates 


b)? 


a? + 2ab + 0? 


(a) 


a? — 2ab+ 0? 
(a) 


¢ How to factor differences of squares. 
Step 1. Does the binomial fit the pattern? 


Is this a difference? 
Are the first and last terms perfect squares? 
Step 2. Write them as squares. 
Step 3. Write the product of conjugates. 
Step 4. Check by multiplying. 
e Sum and Difference of Cubes Pattern 
a? + b = (a + b) (a? — ab +B’) 
a’ — b = (a — b) (a? + ab + B’) 
¢ How to factor the sum or difference of cubes. 


Does the binomial fit the sum or difference of cubes Is it a sum or 
pattern? difference? 
Write them as cubes. 

Use either the sum or difference of cubes pattern. 

Simplify inside the parentheses 

Check by multiplying the factors. 


Practice Makes Perfect 


Factor Perfect Square Trinomials 


Are the first and last terms perfect 
cubes? 


In the following exercises, factor completely using the perfect square trinomials pattern. 


Exercise: 


Problem: 16y? + 24y + 9 


Solution: 
(4y + 3)? 


Exercise: 


Problem: 25v* + 20v + 4 


Exercise: 


Problem: 36s” + 84s + 49 
Solution: 


(6s +7) 


Exercise: 


Problem: 49s? + 154s + 121 


Exercise: 


Problem: 100z? — 20z + 1 


Solution: 


(102 — 1)? 


Exercise: 


Problem: 642? — 16z+ 1 


Exercise: 


Problem: 25n? — 120n + 144 
Solution: 


(5n — 12)? 


Exercise: 


Problem: 4p” — 52p + 169 


Exercise: 


Problem: 49x” + 28xy + 4y* 
Solution: 


(7x + 2y)? 


Exercise: 


Problem: 25r? + 60rs + 36s? 


Exercise: 


Problem: 100y? — 52y +1 


Solution: 


(50y — 1) (2y — 1) 


Exercise: 


Problem: 64m? — 34m + 1 


Exercise: 


Problem: 107k” + 80jk + 1607 
Solution: 


10j(k + 4) 


Exercise: 


Problem: 6427y — 96ay + 36y 


Exercise: 


Problem: 75u* — 30u°v + 3u2v? 


Solution: 
3u?(Bu — v)? 
Exercise: 


Problem: 90p* + 300p*q + 250p2q? 


Factor Differences of Squares 


In the following exercises, factor completely using the difference of squares pattern, if possible. 
Exercise: 


Problem: 25v* — 1 


Solution: 


(5v — 1) (5v + 1) 


Exercise: 


Problem: 169q? — 1 


Exercise: 


Problem: 4 — 492? 


Solution: 


(7x — 2)(7x +2) 


Exercise: 


Problem: 121 — 25s? 


Exercise: 


Problem: 6p7q? — 54p? 
Solution: 


6p"(q — 3)(q + 3) 


Exercise: 


Problem: 98r° — 72r 


Exercise: 


Problem: 24p? + 54 
Solution: 


6 (4p” + 9) 


Exercise: 


Problem: 20b? + 140 


Exercise: 


Problem: 1217 — 144y/ 


Solution: 


(lla — 12y) (11l@ + 12y) 


Exercise: 


Problem: 49x? — 81y 


Exercise: 


Problem: 169c? — 36d? 


Solution: 


(13¢ — 6d) (13c + 6d) 


Exercise: 


Problem: 36p? — 49q? 


Exercise: 


Problem: 1624 — 1 


Solution: 


(2z —1)(2z + 1)(427 + 1) 


Exercise: 


Problem: m* — n4 


Exercise: 


Problem: 162a‘b2 — 32b2 
Solution: 


2b” (3a — 2) (3a + 2) (9a? + 4) 


Exercise: 


Problem: 48m4n? — 243n2 


Exercise: 


Problem: x” — 16x + 64— y* 


Solution: 


(x -—8—y)(e—-8+y) 


Exercise: 


Problem: p” + 14p + 49 — q? 


Exercise: 


Problem: a” + 6a + 9 — 9b? 


Solution: 


(a +3 — 3b) (a +3 + 3b) 


Exercise: 
Problem: m2 — 6m + 9 — 16n? 


Factor Sums and Differences of Cubes 


In the following exercises, factor completely using the sums and differences of cubes pattern, if possible. 
Exercise: 


Problem: x° + 125 


Solution: 
(x + 5)(x? — 5x + 25) 


Exercise: 


Problem: n° + 512 


Exercise: 


Problem: 2° — 27 
Solution: 
(z* — 3)(z4 + 327+ 9) 


Exercise: 


Problem: v* — 216 


Exercise: 


Problem: 8 — 343¢° 
Solution: 
(2 — 7t)(4 + 14¢ + 492”) 


Exercise: 


Problem: 125 — 27w? 


Exercise: 


Problem: 8y° — 1252z° 


Solution: 


(2y — 5z)(4y? + 10yz + 2527) 


Exercise: 


Problem: 272° — 64y° 


Exercise: 


Problem: 216a° + 1250° 


Solution: 


(6a + 5b) (36a? — 30ab + 25b?) 


Exercise: 


Problem: 27y° + 82° 


Exercise: 


Problem: 7k? + 56 


Solution: 


7(k + 2)(k? — 2k +4) 


Exercise: 


Problem: 6° — 487° 


Exercise: 


Problem: 2x? — 16x77 


Solution: 


2x?(1 — 2y)(1 + 2y + 4y”) 


Exercise: 


Problem: —2x°y? — 16y° 


Exercise: 


Problem: (x + 3)° + 83 
Solution: 


—9 (a +1) (x? +3) 


Exercise: 


Problem: (x + 4)° — 272° 


Exercise: 


Problem: (y — 5)° — 64y° 
Solution: 


— (3y + 5) (21y? — 30y + 25) 


Exercise: 
Problem: (y — 5)° + 125y? 


Mixed Practice 


In the following exercises, factor completely. 
Exercise: 


Problem: 64a? — 25 


Solution: 


(8a — 5) (8a+ 5) 


Exercise: 


Problem: 1212? — 144 


Exercise: 


Problem: 27q? — 3 


Solution: 


3 (3q — 1) (3q¢ + 1) 


Exercise: 


Problem: 4p” — 100 


Exercise: 


Problem: 16x? — 72z + 81 
Solution: 


(4x — 9)? 


Exercise: 


Problem: 36y? + 12y + 1 


Exercise: 


Problem: 8p” + 2 


Solution: 


2 (4p? +1) 


Exercise: 


Problem: 8122 + 169 


Exercise: 


Problem: 125 — 8y° 


Solution: 


(5 — 2y) (25 + 10y + 4y") 


Exercise: 


Problem: 27u° + 1000 


Exercise: 


Problem: 45n? + 60n + 20 
Solution: 
5(3n + 2)? 


Exercise: 


Problem: 48q? — 24q? + 3q 


Exercise: 


Problem: x? — 10x + 25 — 7 


Solution: 


(x+y—5)(e@—y—5) 


Exercise: 


Problem: x? + 12x + 36 — y* 


Exercise: 


Problem: (x + 1)° + 823 


Solution: 


(3a + 1) (327 + 1) 


Exercise: 


Problem: (y — 3)° — 64y° 


Writing Exercises 


Exercise: 


Problem: 


Why was it important to practice using the binomial squares pattern in the chapter on multiplying 
polynomials? 


Solution: 


Answers will vary. 


Exercise: 


Problem: How do you recognize the binomial squares pattern? 


Exercise: 


Problem: Explain why n? + 25 4 (n + 5)”. Use algebra, words, or pictures. 
Solution: 


Answers will vary. 


Exercise: 


Problem: Maribel factored y* — 30y + 81 as (y — 9)’. Was she right or wrong? How do you know? 


Self Check 


(a) After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section. 


(6) What does this checklist tell you about your mastery of this section? What steps will you take to improve? 


General Strategy for Factoring Polynomials 
By the end of this section, you will be able to: 


e Recognize and use the appropriate method to factor a polynomial completely 


Recognize and Use the Appropriate Method to Factor a Polynomial Completely 


You have now become acquainted with all the methods of factoring that you will need in this course. The 
following chart summarizes all the factoring methods we have covered, and outlines a strategy you should use 


when factoring polynomials. 


Note: 


General Strategy for Factoring Polynomials 


Binomial 


+ Difference of Squares 

@ — b= (a—b) (a+b) 

* Sum of Squares 

Sums of squares do not factor. 


* Sum of Cubes 
a+ b=(a+ b) (a’-ab + b’*) 


* Difference of Cubes 
a@— b?=(a—-b) (a+ ab +b’) 


Note: 


GCF 


Trinomial 
*xX°+bx+C 
(x )& ) 
*ax'+bx+c 
o ‘a’ and ‘c’ squares 
(a+ by=a@+2ab+b’ 
(a— by = a - 2ab+ b? 
o ‘ac’ method 


Use a general strategy for factoring polynomials. 


Is there a greatest common factor?Factor it out. 


Is the polynomial a 


are there more than 
three terms? 


If itisa 
binomial, trinomial, or binomial: 


Ifitisa 
o Isitasum? 
Of squares? 
Sums of 
squares do not 
factor. 
Of cubes? Use 
the sum of 
cubes pattern. 
o Isita 
difference? 
Of squares? 
Factor as the 
product of 
conjugates. 
Of cubes? Use 
the difference 


trinomial: © Is it of the form 


More than 3 terms 


* grouping 


If it has 
more 
x + bx + c? Undo than three 
FOIL. terms: 
Is it of the form 

az? + br +c? 

If a and c are 

squares, check if it 

fits the trinomial 

square pattern. 

Use the trial and 

error or “ac” 

method. 


o Use the 


grouping 
method. 


of cubes 
pattern. 


Check.Is it factored completely?Do the factors multiply back to the original polynomial? 


Remember, a polynomial is completely factored if, other than monomials, its factors are prime! 


Example: 
Exercise: 


Problem: Factor completely: 7x? — 21x? — 70z. 


Solution: 


io — ic — Oe 
Is there a GCF? Yes, 7x. 
Factor out the GCF. Tx (ee — 32 — 10) 
In the parentheses, is it a binomial, trinomial, 
or are there more terms? 
Trinomial with leading coefficient 1. 
“Undo” FOIL. TELE Me) 
Tx (2+ 2)(2—5) 
Is the expression factored completely? Yes. 
Neither binomial can be factored. 
Check your answer. 
Multiply. 


Te(z + 2) (% —5) 
7x (x? — 5x + 2x — 10) 
7a (x? — 3a — 10) 
7x? — 2127 — 702V 


Note: 
Exercise: 


Problem: Factor completely: 8y* + 16y? — 24y. 


Solution: 


8y(y—1)(y+3) 


Note: 


Exercise: 


Problem: Factor completely: 5y* — 15y? — 270y. 


Solution: 


5y(y — 9) (y+ 6) 


Be careful when you are asked to factor a binomial as there are several options! 


Example: 
Exercise: 


Problem: Factor completely: 24y? — 150. 


Solution: 


Is there a GCF? Yes, 6. 

Factor out the GCF. 

In the parentheses, is it a binomial, trinomial 
or are there more than three terms? Binomial. 


Is it asum? No. 


Is it a difference? Of squares or cubes? Yes, squares. 


Write as a product of conjugates. 


Is the expression factored completely? 


Neither binomial can be factored. 


Check: 
Multiply. 
6 (2y — 5) (2y+ 5) 
6 (4y? — 25) 
24y” — 150V 
Note: 
Exercise: 


Problem: Factor completely: 162° — 362. 


Solution: 


Ag (22 — 3) 2a 4+ 3) 


24y* — 150 


6 (4y" — 25) 


6 ((2y)? — (6)’) 
6 (2y — 5) (2y + 5) 


Note: 
Exercise: 


Problem: Factor completely: 27y” — 48. 


Solution: 


3 (3y — 4) (3y + 4) 


The next example can be factored using several methods. Recognizing the trinomial squares pattern will make 
your work easier. 


Example: 
Exercise: 


Problem: Factor completely: 4a? — 12ab + 9b?. 
Solution: 


4a? — 12ab + 9b? 
Is there a GCF? No. 
Is it a binomial, trinomial, or are there more terms? 


Trinomial witha 4 1. But the first term is a perfect square. 


Is the last term a perfect square? Yes. (2a)? — 12ab + (3b)? 

Does it fit the pattern, a? — 2ab + b?? Yes. (2a), —12ab+,/(3b)” 
—2(2a) (3b) 

Write it as a square. (2a — 3b)? 


Is the expression factored completely? Yes. 
The binomial cannot be factored. 


Check your answer. 


Multiply. 
(2a — 3b)? 
(2a)? — 2-20 - 36 + (36) 
4a? — 12ab + 9b°V 
Note: 
Exercise: 


Problem: Factor completely: 4”? + 20xy + 25y?. 
Solution: 


(2a + By) 


Note: 
Exercise: 


Problem: Factor completely: 9x? — 24xy + 16y”. 
Solution: 


(3a — Ay)? 


Remember, sums of squares do not factor, but sums of cubes do! 


Example: 
Exercise: 


Problem: Factor completely 12x°y” + 75ay’. 


Solution: 


12x3y? + 75xy? 
Is there a GCF? Yes, 3zy’. 
Factor out the GCF. Bay” (42? AP 25) 
In the parentheses, is it a binomial, trinomial, or are 


there more than three terms? Binomial. 


Is it asum? Of squares? Yes. Sums of squares are prime. 


Is the expression factored completely? Yes. 


Check: 
Multiply. 
3ay" (4q° ae 25) 
1223y? + 75a2y*¥ 
Note: 
Exercise: 


Problem: Factor completely: 502°y + 72zry. 


Solution: 


2ay (25a? + 36) 


Note: 
Exercise: 


Problem: Factor completely: 27ry? + 48zry. 


Solution: 


3ary (9y? + 16) 


When using the sum or difference of cubes pattern, being careful with the signs. 


Example: 
Exercise: 


Problem: Factor completely: 242° + 81y?. 


Solution: 


Is there a GCF? Yes, 3. 


Factor it out. 


In the parentheses, is it a binomial, trinomial, 


of are there more than three terms? Binomial. 


Is it a sum or difference? Sum. 


Of squares or cubes? Sum of cubes. 


Write it using the sum of cubes pattern. 


Is the expression factored completely? Yes. 


Check by multiplying. 


Note: 


24x + 81 


3(8x’ + 27y) 


(xr + yr) 
3(2x + 3y) (axe _2«- 3y + Gy) 


3(2x + 3y)(4x’ - 6xy + 9y’) 


Exercise: 


Problem: Factor completely: 250m? + 432n°. 


Solution: 


2 (5m + 6n) (25m? — 30mn + 36n7) 


Note: 
Exercise: 


Problem: Factor completely: 2p? + 54q°. 
Solution: 


2 (p + 3q) (p? — 3pq + 997) 


Example: 
Exercise: 


Problem: Factor completely: 3z°y — 48zy. 


Solution: 


Is there a GCF? Factor out 3ry 
Is the binomial a sum or difference? Of squares or cubes? 
Write it as a difference of squares. 


Factor it as a product of conjugates 
The first binomial is again a difference of squares. 


Factor it as a product of conjugates. 
Is the expression factored completely? Yes. 


Check your answer. 


Multiply. 
Bay (a — 2) (a + 2) (x? + 4) 
3ry (Ee = 4) (ae ar 4) 
Sry es = 16) 
3a°y — 482yV 
Note: 


Exercise: 


3a°y — 48xy 
3ry (i = 16) 


Problem: Factor completely: 4a°b — 64ab. 
Solution: 


Aab (a? + 4) (a — 2) (a + 2) 


Note: 
Exercise: 


Problem: Factor completely: 7zy° — 7xy. 


Solution: 


Tay (y? +1) (y—1) (y+) 


Example: 
Exercise: 


Problem: Factor completely: 4x” + 8ba — 4ax — 8ab. 


Solution: 

4x” + 8b — 4ax — 8ab 
Is there a GCF? Factor out the GCF, 4. 4 (a? + 2bx — ax — 2ab) 
There are four terms. Use grouping. Ala (e+ 2b) — a(x + 26)| 


4 (a + 2b) (x — a) 
Is the expression factored completely? Yes. 


Check your answer. 


Multiply. 
4 (x + 2b) (x — a) 
4 (ee —ax + 2bx — 2ab) 
4a? + 8ba — 4ax — 8abV 
Note: 
Exercise: 


Problem: Factor completely: 62? — 12xc + 6bxr — 12bc. 


Solution: 


6(@ +b) (2 — 2c) 


Note: 
Exercise: 


Problem: Factor completely: 16x? + 24ry — 4x — 6y. 


Solution: 


2(4a — 1)(2x + 3y) 


Taking out the complete GCF in the first step will always make your work easier. 


Example: 
Exercise: 


Problem: Factor completely: 40”7y + 44ry — 24y. 


Solution: 


Is there a GCF? Factor out the GCF, 4y. 


Factor the trinomial witha # 1. 


Is the expression factored completely? Yes. 


Check your answer. 


Multiply. 
Ay (5a — 2) (22 +3) 
dy (102” + 112 — 6) 
A0a7y + 44ary — 24yV 
Note: 
Exercise: 


Problem: Factor completely: 4p2q — 16pq + 12g. 


Solution: 


4q(p — 3) (p— 1) 


Note: 
Exercise: 


Problem: Factor completely: 6pq? — 9pq — 6p. 


A0x*y + 44ry — 24y 
Ay (10x” + 11a — 6) 
Ay (10x? + 11a — 6) 
Ay (5a — 2) (2% + 3) 


Solution: 


3p (2q + 1) (q— 2) 


When we have factored a polynomial with four terms, most often we separated it into two groups of two terms. 


Remember that we can also separate it into a trinomial and then one term. 


Example: 
Exercise: 


Problem: Factor completely: 9x? — 12zy + 4y? — 49. 


Solution: 


Is there a GCF? No. 
With more than 3 terms, use grouping. Last 2 terms 


have no GCF. Try grouping first 3 terms. 


Factor the trinomial witha 4 1. But the first term is a 


perfect square. 
Is the last term of the trinomial a perfect square? Yes. 


Does the trinomial fit the pattern, a? — 2ab + b?? Yes. 


Write the trinomial as a square. 
Is this binomial a sum or difference? Of squares or 
cubes? Write it as a difference of squares. 


Write it as a product of conjugates. 


Is the expression factored completely? Yes. 
Check your answer. 
Multiply. 


(3x — 2y — 7) (3a — 2y+ 7) 


9x? — Gry — 21x — 6ry + 4y? 4+ 14y+ 21z 
9x? — 122y + 4y? — 49V 


Note: 
Exercise: 


Problem: Factor completely: 4x? — 12xy + 9y? — 25. 


Solution: 


(2x — 3y — 5) (2a — 3y + 5) 


14y — 49 


9x? — 12ry + 4y* — 49 


9x? — 12ry + 4y* — 49 


(3a)* — 122y + (2y)” — 49 
(3a)? —12ay+_(2y)” — 49 


—2(32) (2y) 
(3a — 2y)” — 49 
Gry) 


((3a — 2y) — 7) ((3a — 2y) +7 
(3a — 2y — 7) (3a — 2y + 7) 


Note: 
Exercise: 


Problem: Factor completely: 1627 — 24xy + 9y? — 64. 


Solution: 


(4a — 3y — 8) (4x — 3y + 8) 


Key Concepts 
General Strategy for Factoring Polynomials 
GCF 
I 
Binomial Trinomial 
+ Difference of Squares *xX°+ bx+C 


a — b’=(a—b) (a+b) 

* Sum of Squares 

Sums of squares do not factor. 
* Sum of Cubes 

a+ b’= (a+b) (a -—ab+ b’) 

* Difference of Cubes 

a@— b= (a— b) (a? + ab +b’) 


(x )& ) 
*ax?+bx+c 
o ‘a’ and ‘c’ squares 
(a+ bY =a’ +2ab+b’ 
(a- bY =a@-2ab+ Bb? 


o ‘ac’ method 


¢ How to use a general strategy for factoring polynomials. 


Is there a greatest common factor?Factor it out. 


Is the Ifitisa Isit Of 
polynomialbinomial:a 
a binomial, 
trinomial, 
or are there 
more than 
three 
terms? 


Of Isita Of 


squares?cubes? difference?squares? 
sum?Sums of Use the 
squares sum of 
do not 
factor. 


cubes of 
pattern. conjugates. 


More than 3 terms 


* grouping 


Of cubes?If itisa Is it 2? + ba + c?Undo Is 


Use the 


pattern. 


trinomial: 
Factor as_ difference 
the productof cubes 


of 
the 
form 


Check.Is it factored completely?Do the factors multiply back to the original polynomial? 


Practice Makes Perfect 


Recognize and Use the Appropriate Method to Factor a Polynomial Completely 


In the following exercises, factor completely. 


Exercise: 


Problem: 2n? + 13n — 7 
Solution: 


(2n —1)(n +7) 


FOIL.o: 


th 
fc 


Exercise: 


Problem: 822 — 9x — 3 


Exercise: 


Problem: a° + 9a°® 


Solution: 
a*(a? + 9) 


Exercise: 


Problem: 75m? + 12m 


Exercise: 


Problem: 1217? — s? 
Solution: 


(llr — s)(11r + s) 


Exercise: 


Problem: 49b? — 36a? 


Exercise: 


Problem: 8m? — 32 
Solution: 


8(m — 2)(m +2) 


Exercise: 


Problem: 36q? — 100 


Exercise: 


Problem: 25w?2 — 60w + 36 
Solution: 
(5w — 6)” 


Exercise: 


Problem: 49b* — 112b + 64 


Exercise: 


Problem: m? + 14mn + 49n? 


Solution: 


(m+ 7)’ 


Exercise: 


Problem: 6427 + 16zy + y” 


Exercise: 


Problem: 7b” + 7b — 42 


Solution: 
7(b + 3)(b — 2) 


Exercise: 


Problem: 30n? + 30n + 72 
Exercise: 

Problem: 3x*y — 81zy 

Solution: 


3 (a — 3) (a? + 32 +9) 


Exercise: 


Problem: 42°y — 32x7y 
Exercise: 


Problem: k* — 16 


Solution: 


(k — 2)(k + 2)(k2 +4) 


Exercise: 


Problem: m* — 81 


Exercise: 


Problem: 52°y” — 80zxy” 


Solution: 


bay? (x? + 4) (x + 2) (x — 2) 


Exercise: 


Problem: 482°y? — 243xy" 


Exercise: 


Problem: 15pq — 15p + 12q — 12 


Solution: 


3(5p + 4)(q— 1) 


Exercise: 


Problem: 12ab — 6a + 10b — 5 


Exercise: 


Problem: 4? + 40x + 84 


Solution: 


A(a+3)(x+7) 


Exercise: 


Problem: 5q” — 15q — 90 


Exercise: 


Problem: 4u°v + 4u2v? 
Solution: 
wu? (ut 1) (wW—u+t1) 


Exercise: 


Problem: 5m‘*n + 320mn* 


Exercise: 


Problem: 4c? + 20cd + 81d? 
Solution: 


prime 


Exercise: 


Problem: 2527 + 35ry + 49y° 


Exercise: 


Problem: 10m‘ — 6250 


Solution: 


10(m — 5) (m+ 5) (m? + 25) 


Exercise: 


Problem: 3v* — 768 


Exercise: 


Problem: 3627y + 15zy — 6y 


Solution: 


3y (3a + 2) (4x — 1) 


Exercise: 


Problem: 60x2y — 75xy + 30y 


Exercise: 


Problem: 8° — 277° 
Solution: 
(2x — 3y) (42? + 6ry + 9y’) 


Exercise: 


Problem: 642° + 125y? 


Exercise: 


Problem: ° — 1 


Solution: 


Exercise: 


Problem: y° + 1 

Exercise: 
Problem: 9x? — 6xy + y” — 49 
Solution: 


(3a —y+7) (32 —y-7) 


Exercise: 


Problem: 16x? — 24xry + 9y? — 64 


Exercise: 


Problem: (32 + 1)” — 6 (3a — 1) 
Solution: 


(9a? — 12a + 4) 


Exercise: 


Problem: (42 — 5)” — 7 (4a — 5) +12 


Writing Exercises 


Exercise: 


Problem: Explain what it mean to factor a polynomial completely. 
Solution: 


Answers will vary. 
Exercise: 
Problem: 
The difference of squares y* — 625 can be factored as (y° — 25) (y° + 25). But it is not completely factored. 
What more must be done to completely factor. 
Exercise: 
Problem: 


Of all the factoring methods covered in this chapter (GCF, grouping, undo FOIL, ‘ac’ method, special 
products) which is the easiest for you? Which is the hardest? Explain your answers. 


Solution: 


Answers will vary. 
Exercise: 


Problem: 


Create three factoring problems that would be good test questions to measure your knowledge of factoring. 
Show the solutions. 


Self Check 


(@) After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section. 


recognize and use the appropriate 
method to factor a polynomial 
completely. 


(6) Ona scale of 1-10, how would you rate your mastery of this section in light of your responses on the checklist? 
How can you improve this? 


Polynomial Equations 
By the end of this section, you will be able to: 


e Use the Zero Product Property 

e Solve quadratic equations by factoring 

e Solve equations with polynomial functions 

¢ Solve applications modeled by polynomial equations 


Note: 
Before you get started, take this readiness quiz. 


1. Solve: 5y — 3 = 0: 
If you missed this problem, review [link]. 

2. Factor completely: n? — 9n? — 22n. 
If you missed this problem, review [link]. 

3. If f (x) = 8a — 16, find f (3) and solve f (a) = 0. 
If you missed this problem, review [link]. 


We have spent considerable time learning how to factor polynomials. We will now look at polynomial equations 
and solve them using factoring, if possible. 


A polynomial equation is an equation that contains a polynomial expression. The degree of the polynomial 
equation is the degree of the polynomial. 


Note: 

Polynomial Equation 

A polynomial equation is an equation that contains a polynomial expression. 
The degree of the polynomial equation is the degree of the polynomial. 


We have already solved polynomial equations of degree one. Polynomial equations of degree one are linear 
equations are of the form az + b= c. 


We are now going to solve polynomial equations of degree two. A polynomial equation of degree two is called a 
quadratic equation. Listed below are some examples of quadratic equations: 
Equation: 


a’ +5¢+6=—0 3y” + 4y = 10 64u? — 81 =0 n(n+1) = 42 
The last equation doesn’t appear to have the variable squared, but when we simplify the expression on the left we 
will get n? +n. 


The general form of a quadratic equation is az? + bx + c = 0, with a # 0. (If a = 0, then 0 - x? = 0 and we are 
left with no quadratic term.) 


Note: 
Quadratic Equation 


An equation of the form az? + ba + c = 0 is called a quadratic equation. 
Equation: 


a,b, and care real numbers and a # 0 


To solve quadratic equations we need methods different from the ones we used in solving linear equations. We will 
look at one method here and then several others in a later chapter. 


Use the Zero Product Property 
We will first solve some quadratic equations by using the Zero Product Property. The Zero Product Property says 


that if the product of two quantities is zero, then at least one of the quantities is zero. The only way to get a product 
equal to zero is to multiply by zero itself. 


Note: 
Zero Product Property 
If a- b= 0, then either a = 0 or b = 0 or both. 


We will now use the Zero Product Property, to solve a quadratic equation. 


Example: 
How to Solve a Quadratic Equation Using the Zero Product Property 
Exercise: 


Problem: Solve: (5n — 2) (6n — 1) = 0. 


Solution: 


The product equals zero, so (Sn —2)(6n- 1)=0 


at least one factor must 
equal zero. 


Eanes Solve each equation. n= 2 n= 4 


Sn-—2=O0or6n-1=0 


Substitute each solution 
separately into the original 
equation. 


beer 


(5n —2)(6n— 1) = 
61-919 
@-B)a-20 


(gato 
0=0V 


Note: 
Exercise: 


Problem: Solve: (3m — 2) (2m +1) = 0. 
Solution: 


ee = 
= 


Note: 
Exercise: 


Problem: Solve: (4p + 3) (4p — 3) = 0. 


Solution: 
p=-+,p=4 
Note: 


Use the Zero Product Property. 


Set each factor equal to zero. 


Solve the linear equations. 
Check. 


Solve Quadratic Equations by Factoring 
The Zero Product Property works very nicely to solve quadratic equations. The quadratic equation must be 


factored, with zero isolated on one side. So we be sure to start with the quadratic equation in standard form, 
ax? + ba + c = 0. Then we factor the expression on the left. 


Example: 
How to Solve a Quadratic Equation by Factoring 
Exercise: 


Problem: Solve: 2y* = 13y + 45. 


Solution: 


Write the equation in ay? = 13y + 45 


standard form. 
2y?- 13y-45=0 


Factor 2y?-13y +45 (2y + 5(y-9)=0 
(2y + 5\y - 9) 


Set each factor equal to zero. 2y+5=0 y-9=0 
We have two linear equations. 


Substitute each solution 
separately into the original 


equation. 2y? = 13y +45 


Boyes (3) 
2 3) 13-3) +45 


25) 2 (65) , 90 
(23) ($)+% 


=.= 
i oad 


y=9 
2y? = 13y +45 
2(oy 2 13(9) + 45 
2(81) 2117445 
162 = 1627 


Note: 
Exercise: 


Problem: Solve: 3c? = 10c — 8. 


Solution: 


Note: 
Exercise: 


Problem: Solve: 2d? — 5d = 3. 
Solution: 


d=3,d=-45 


Note: 
Solve a quadratic equation by factoring. 


Write the quadratic equation in standard form,ax + bx + c = 0. 
Factor the quadratic expression. 
Use the Zero Product Property. 


Solve the linear equations. 
Check. Substitute each solution separately into the original equation. 


Before we factor, we must make sure the quadratic equation is in standard form. 


Solving quadratic equations by factoring will make use of all the factoring techniques you have learned in this 
chapter! Do you recognize the special product pattern in the next example? 


Example: 
Exercise: 


Problem: Solve: 169q” = 49. 


Solution: 


169x? = 49 


Write the quadratic equation in standard form. 169x? — 49 —0 
Factor. It is a difference of squares. (32 —"7) (13a 7) = 0 
Use the Zero Product Property to set each factor to 0. ee = oth jBetey ps 
Solve each equation. ieee ay, ey ee 
Ka 
Gi — 73 aC SS 
Check: 


We leave the check up to you. 


Note: 
Exercise: 


Problem: Solve: 25p” = 49. 


Note: 
Exercise: 


Problem: Solve: 36x” = 121. 


Solution: 
gan IN pee, SDD 
4 es 6 pe = 6 


In the next example, the left side of the equation is factored, but the right side is not zero. In order to use the Zero 
Product Property, one side of the equation must be zero. We’! multiply the factors and then write the equation in 
standard form. 


Example: 
Exercise: 


Problem: Solve: (32 — 8) (x — 1) = 3a. 


Solution: 


Multiply the binomials. 32? —1lz+8 = 32 
Write the quadratic equation in standard form. 3x7 — 144 ++8=0 
Factor the trinomial. (82 — 2) (@ = 4) =0 
Use the Zero Product Property to set each factor to 0. se 2 = mal == 0) 
Solve each equation. Se = 2 CA: 
o=4 
Check your answers. The check is left to you. 
Note: 
Exercise: 


Problem: Solve: (2m + 1) (m+ 3) = 12m. 


Solution: 


= eae 


Note: 
Exercise: 


Problem: Solve: (k + 1) (k — 1) = 8. 


Solution: 


k=3,k=-3 


In the next example, when we factor the quadratic equation we will get three factors. However the first factor is a 
constant. We know that factor cannot equal 0. 


Example: 
Exercise: 


Problem: Solve: 3x7 = 12x + 63. 


Solution: 


Write the quadratic equation in standard form. 
Factor the greatest common factor first. 


Factor the trinomial. 


Use the Zero Product Property to set each factor to 0. 


Solve each equation. 


Check your answers. 


Note: 
Exercise: 


Problem: Solve: 18a? — 30 = —33a. 


Solution: 


5 


a=-4 


a= 


wr 


Note: 
Exercise: 


Problem: Solve: 123b = —6 — 600’. 
Solution: 


b=-2,b=-z 


32? = 122 + 63 
32? — 122 — 68 = 0 
3 (a? — 4a — 21) =0 
3(2— 7) (e+ 3) =0 
3) S= (C n= = © 
340 eo = 7 
The check is left to you. 


The Zero Product Property also applies to the product of three or more factors. If the product is zero, at least one of 


the factors must be zero. We can solve some equations of degree greater than two by using the Zero Product 


Property, just like we solved quadratic equations. 
Example: 
Exercise: 


Problem: Solve: 9m? + 100m = 60m?. 


Solution: 


9m + 100m = 60m? 


Bring all the terms to one side so that the other side is zero. 9m3 — 60m? + 100m = 0 
Factor the greatest common factor first. m (9m? — 60m + 100) = 
Factor the trinomial. m(3m — 10)(3m — 10) =0 
Use the Zero Product Property to set each factor to 0. m=0 3m—10 = 0 
Solve each equation. ii =O im = oe 
Check your answers. The check is left to you. 

Note: 

Exercise: 


Problem: Solve: 82° = 24a? — 182. 
Solution: 
g=Oa= 3 


Note: 
Exercise: 


Problem: Solve: 16y” = 32y? + 2y. 


Solution: 


y=0y=4F 


Solve Equations with Polynomial Functions 


As our study of polynomial functions continues, it will often be important to know when the function will have a 
certain value or what points lie on the graph of the function. Our work with the Zero Product Property will be help 
us find these answers. 


Example: 
Exercise: 


Problem: For the function f (x) = x? + 2x — 2, 


(@) find x when f (x) = 6 
(6) find two points that lie on the graph of the function. 


Solution: 


@ 
f(x) =2?+2x2—-2 


Substitute 6 for f (x). 6=27+27-2 
Put the quadratic in standard form. x? + 22 —-8=0 
Factor the trinomial. (a + 4) (x — 2) =0 
Use the zero product property. z+ 4 — 0) or 
Solve. 2 — | 4 or 
Check: 


f(x) =27?4+ 22-2 f(x) =2? +22 -2 
f(-Da= 4 42(-4)-2 f (2) =2?+2-2-2 
f(-4)=16-8-2 f(2)=4+4-2 
et Og f (2) = 6V 


(6) Since f (—4) = 6 and f (2) = 6, the points (—4, 6) and (2, 6) lie on the graph of the function. 


Note: 
Exercise: 


Problem: For the function f (x) = x” — 2z — 8, 


(@) find x when f (x) = 7 
(6) Find two points that lie on the graph of the function. 


Solution: 


Note: 
Exercise: 


Problem: For the function f (x) = x? — 8z + 8, 


(@) find x when f (x) = —4 
(6) Find two points that lie on the graph of the function. 


Solution: 
@a2=lorrz=7 
(6) Us ay) (fe —) 


The Zero Product Property also helps us determine where the function is zero. A value of x where the function is 0, 
is called a zero of the function. 


Note: 
Zero of a Function 
For any function f, if f (xz) = 0, then x is a zero of the function. 


When f (a) = 0, the point (a, 0) is a point on the graph. This point is an x-intercept of the graph. It is often 
important to know where the graph of a function crosses the axes. We will see some examples later. 


Example: 
Exercise: 


Problem: For the function f (x) = 3x” + 10x — 8, find 
(a) the zeros of the function, 

(6) any x-intercepts of the graph of the function 

© any y-intercepts of the graph of the function 


Solution: 


(a) To find the zeros of the function, we need to find when the function value is 0. 
f (z) = 3274 102 — 8 


Substitute 0 for f (x). 0 = 327+ 102 —8 
Factor the trinomial. (24-4) Be'= 2) =0 
Use the zero product property. zr+4 = 0 or 3x —2 = 0 
Solve. = tl or ip = 2 


(6) An x-intercept occurs when y = 0. Since f (—4) = 0 and f (2) = 0, the points (—4, 0) and (3, 0) lie 
on the graph. These points are x-intercepts of the function. 


(© A y-intercept occurs when x = 0. To find the y-intercepts we need to find f (0). 
f (x) = 3x74 10x — 8 
Find f (0) by substituting 0 for z. f (0) =3-0?+10-0-8 
Simplify. f(0) =-=8 
Since f (0) = —8, the point (0, —8) lies on the graph. This point is the y-intercept of the function. 


Note: 
Exercise: 


Problem: For the function f (x) = 2x? — 7x +5, find 
(@) the zeros of the function 

(6) any x-intercepts of the graph of the function 

© any y-intercepts of the graph of the function. 


Solution: 


@zx=lorrz= 3 
© (1,0), ($,0) © (0,5) 


Note: 
Exercise: 


Problem: For the function f (x) = 6x” + 13x — 15, find 


(@) the zeros of the function 
(©) any x-intercepts of the graph of the function 
© any y-intercepts of the graph of the function. 


Solution: 


Op sare— 


(©) (—3, 0), (#,0) © (0, -15) 


Solve Applications Modeled by Polynomial Equations 


The problem-solving strategy we used earlier for applications that translate to linear equations will work just as 
well for applications that translate to polynomial equations. We will copy the problem-solving strategy here so we 
can use it for reference. 


Note: 
Use a problem solving strategy to solve word problems. 


Readthe problem. Make sure all the words and ideas are understood. 

Identifywhat we are looking for. 

Namewhat we are looking for. Choose a variable to represent that quantity. 

Translateinto an equation. It may be helpful to restate the problem in one sentence with all the important 
information. Then, translate the English sentence into an algebraic equation. 

Solvethe equation using appropriate algebra techniques. 

Checkthe answer in the problem and make sure it makes sense. 

Answerthe question with a complete sentence. 


We will start with a number problem to get practice translating words into a polynomial equation. 
Example: 
Exercise: 


Problem: The product of two consecutive odd integers is 323. Find the integers. 


Solution: 


Step 1. Read the problem. 


Step 2. Identify what we are looking for. We are looking for two consecutive integer: 
Step 3. Name what we are looking for. Let n = the first integer. 

n-+2 = next consecutive odd integer 
Step 4. Translate into an equation. Restate the The product of the two consecutive odd 
problem in a sentence. integers is 323. 

n(n + 2) = 323 

Step 5. Solve the equation. n? + 2n = 323 
Bring all the terms to one side. n? + 2n — 323 =0 
Factor the trinomial. (t= 17) (a> 19) 0 
Use the Zero Product Property. m= lf = DEI = 0 
Solve the equations. im = ie pi = =i) 


There are two values for n that are solutions to this problem. So there are two sets of consecutive odd 
integers that will work. 


If the first integer isn = 17 If the first integer ism = —19 
then the next odd integer is then the next odd integer is 
Na 2 fhe 2 
17+ 2 =119 4 2 
19 le 
17,19 —17,—19 


Step 6. Check the answer. 

The results are consecutive odd integers 

17,19 and —19, —17. 

17-19 = 323V —19 (—17) = 323V 

Both pairs of consecutive integers are solutions. 

Step 7. Answer the question The consecutive integers are 17, 19 and —19, 


Note: 
Exercise: 


Problem: The product of two consecutive odd integers is 255. Find the integers. 


Solution: 


—15, —17 and 15, 17 


Note: 
Exercise: 


Problem: The product of two consecutive odd integers is 483 Find the integers. 


Solution: 


=23, —21 and 21) 23 


Were you surprised by the pair of negative integers that is one of the solutions to the previous example? The 
product of the two positive integers and the product of the two negative integers both give positive results. 


In some applications, negative solutions will result from the algebra, but will not be realistic for the situation. 


Example: 
Exercise: 


Problem: 


A rectangular bedroom has an area 117 square feet. The length of the bedroom is four feet more than the 


width. Find the length and width of the bedroom. 


Solution: 


Step 1. Read the problem. In problems involving 
geometric figures, a sketch can help you visualize 
the situation. 


Step 2. Identify what you are looking for. 
Step 3. Name what you are looking for. 
The length is four feet more than the width. 


Step 4. Translate into an equation. 


Restate the important information in a sentence. 


Use the formula for the area of a rectangle. 
Substitute in the variables. 

Step 5. Solve the equation Distribute first. 

Get zero on one side. 

Factor the trinomial. 

Use the Zero Product Property. 

Solve each equation. 

Since w is the width of the bedroom, it does not 


make sense for it to be negative. We eliminate that value 
for w. 


w+4 


We are looking for the length and width. 
Let w = the width of the bedroom. 


w + 4 = the length of the garden 


The area of the bedroom is 117 square 
feet. 


A=lI-w 

117 = (w+ 4)w 
117 = w? + 4w 
117 = w* + 4w 


0 = w?+ 4w — 117 
0 = (w* + 13)(w — 9) 


O=wil3 O=w-9 


=13=w 9=w 


w=9 Width is 9 feet. 


wt+aA 


Find the value of the length. ee 


fay 


3 Length is 13 
feet. 


Step 6. Check the answer. 
Does the answer make sense? 


w A=lew 
9 A=13"9 
rer A=117 
9+4 
13 


Yes, this makes sense. 


The width of the bedroom is 9 feet and 


Step 7. Answer the question. fre lone ib le ee 


Note: 
Exercise: 


Problem: 


A rectangular sign has area 30 square feet. The length of the sign is one foot more than the width. Find the 
length and width of the sign. 


Solution: 


The width is 5 feet and length is 6 feet. 


Note: 
Exercise: 


Problem: 


A rectangular patio has area 180 square feet. The width of the patio is three feet less than the length. Find the 
length and width of the patio. 


Solution: 


The length of the patio is 12 feet and the width 15 feet. 


In the next example, we will use the Pythagorean Theorem (a? += cae This formula gives the relation 
between the legs and the hypotenuse of a right triangle. 


b 


We will use this formula to in the next example. 


Example: 
Exercise: 


Problem: 


A boat’s sail is in the shape of a right triangle as shown. The hypotenuse will be 17 feet long. The length of 
one side will be 7 feet less than the length of the other side. Find the lengths of the sides of the sail. 


x-7 


Solution: 


Step 1. Read the problem 


We are looking for the lengths of the 


Step 2. Identify what you are looking for. Gaccorime cull 


Step 3. Name what you are looking for. Let x = length of a side of the sail. 
One side is 7 less than the other. x — 7 = length of other side 


Step 4. Translate into an equation. Since this is a pee 
right triangle we can use the Pythagorean Theorem. = 
Substitute in the variables. wikia Te ae 


Step 5. Solve the equation 


ieee xv? + a2 — 142 + 49 = 289 
Simplify. 


2a? — 142 + 49 = 289 


It is a quadratic equation, so get zero on one side. 2x? — 142 — 240 =0 


Factor the greatest common factor. 2(x? — 7z — 120) =0 


Factor the trinomial. 2(a — 15)(2 + 8) =0 

Use the Zero Product Property. 240 2«-15=0 4+8=0 
Solve. BeeQ w= ilk r= -8 
La eas of the triangle, x = —8 does not Na =e pone 


Find the length of the other side. 


x=15 
If the length of one side is eas 
then the length of the other side is 

15-7 


8 is the length of the other side. 


Step 6. Check the answer in the problem 
Do these numbers make sense? 


av+b=C 
? 
17 x 19°+8?=17? 
225 + 642289 


x7 289 = 289V 


Step 7. Answer the question The sides of the sail are 8, 15 and 17 feet. 


Note: 
Exercise: 


Problem: 
Justine wants to put a deck in the corner of her backyard in the shape of a right triangle. The length of one 


side of the deck is 7 feet more than the other side. The hypotenuse is 13. Find the lengths of the two sides of 
the deck. 


Solution: 


5 feet and 12 feet 


Note: 
Exercise: 


Problem: 


A meditation garden is in the shape of a right triangle, with one leg 7 feet. The length of the hypotenuse is 
one more than the length of the other leg. Find the lengths of the hypotenuse and the other leg. 


Solution: 


24 feet and 25 feet 


The next example uses the function that gives the height of an object as a function of time when it is thrown from 
80 feet above the ground. 


Example: 
Exercise: 


Problem: 
Dennis is going to throw his rubber band ball upward from the top of a campus building. When he throws the 


rubber band ball from 80 feet above the ground, the function h (t) = —16¢? + 64t + 80 models the height, 
h, of the ball above the ground as a function of time, t. Find: 


(a) the zeros of this function which tell us when the ball hits the ground 
(6) when the ball will be 80 feet above the ground 
© the height of the ball at t = 2 seconds. 


Solution: 


(@) The zeros of this function are found by solving h (t) = 0. This will tell us when the ball will hit the 
ground. 


(oO) =C 
Substitute in the polynomial for h (t). —16t? + 64t + 80 =0 
Factor the GCF, —16. —16(t? — 4t —5) =0 
Factor the trinomial. -16(¢—5) (+1) =0 
Use the Zero Product Property. t=H = © él = @ 
Solve. t 5 bs = = 


The result ¢ = 5 tells us the ball will hit the ground 5 seconds after it is thrown. Since time cannot be 
negative, the result £ = —1 is discarded. 


(6) The ball will be 80 feet above the ground when h (t) = 80. 


h(t) = 80 
Substitute in the polynomial for h (t). —16t? + 64t + 80 = 80 
Subtract 80 from both sides. —16t? + 64t = 0 
Factor the GCF, —16t. —16¢(t — 4) =0 
Use the Zero Product Property. =o = @ t—=4 = @ 
Solve. é = @ 6 = 4 


The ball will be at 80 feet the moment Dennis 


tosses the ball and then 4 seconds later, when 


the ball is falling. 
© To find the height ball at t = 2 seconds we find h (2). 

h(t) = —16¢? + 64t + 80 
To find h (2) substitute 2 for t. h (2) = —16(2)? + 64-2+80 
Simplify. (a2) = Wa 


After 2 seconds, the ball will be at 144 feet. 


Note: 
Exercise: 


Problem: 
Genevieve is going to throw a rock from the top a trail overlooking the ocean. When she throws the rock 


upward from 160 feet above the ocean, the function h (t) = —16t? + 48¢ + 160 models the height, h, of the 
rock above the ocean as a function of time, t. Find: 


(a) the zeros of this function which tell us when the rock will hit the ocean 
(6) when the rock will be 160 feet above the ocean. 
© the height of the rock at t = 1.5 seconds. 


Solution: 


@5 © 0;3 © 196 


Note: 
Exercise: 


Problem: 
Calib is going to throw his lucky penny from his balcony on a cruise ship. When he throws the penny upward 


from 128 feet above the ground, the function h (t) = —16t? + 32¢ + 128 models the height, h, of the penny 
above the ocean as a function of time, t. Find: 


(a) the zeros of this function which is when the penny will hit the ocean 
(6) when the penny will be 128 feet above the ocean. 
© the height the penny will be at t = 1 seconds which is when the penny will be at its highest point. 


Solution: 


@)4©0;2 © 144 


Note: 
Access this online resource for additional instruction and practice with quadratic equations. 


Key Concepts 


¢ Polynomial Equation: A polynomial equation is an equation that contains a polynomial expression. The 
degree of the polynomial equation is the degree of the polynomial. 

¢ Quadratic Equation: An equation of the form ax? + ba + c = 0 is called a quadratic equation. 
Equation: 


a, b, care real numbers anda # 0 


e Zero Product Property: If a - b = 0, then either a = 0 or b = 0 or both. 
¢ How to use the Zero Product Property 


Set each factor equal to zero. 
Solve the linear equations. 
Check. 


¢ How to solve a quadratic equation by factoring. 


Write the quadratic equation in standard form,axz? + bx + c = 0. 
Factor the quadratic expression. 

Use the Zero Product Property. 

Solve the linear equations. 

Check. Substitute each solution separately into the original equation. 


e Zero of a Function: For any function f, if f (x) = 0, then x is a zero of the function. 
¢ How to use a problem solving strategy to solve word problems. 


Readthe problem. Make sure all the words and ideas are understood. 

Identifywhat we are looking for. 

Namewhat we are looking for. Choose a variable to represent that quantity. 

Translateinto an equation. It may be helpful to restate the problem in one sentence with all the important 
information. Then, translate the English sentence into an algebraic equation. 

Solvethe equation using appropriate algebra techniques. 

Checkthe answer in the problem and make sure it makes sense. 

Answerthe question with a complete sentence. 


Section Exercises 


Practice Makes Perfect 
Use the Zero Product Property 


In the following exercises, solve. 
Exercise: 


Problem: (3a — 10) (2a — 7) =0 
Solution: 


a=10/3,a= 7/2 


Exercise: 


Problem: (5b + 1) (6b+1)=0 


Exercise: 


Problem: 6m (12m — 5) = 0 
Solution: 


m=0,m= 5/12 


Exercise: 


Problem: 2z (6x — 3) = 0 
Exercise: 

Problem: (22 — 1)” = 0 

Solution: 


gH 142 


Exercise: 
Problem: (3y + 5)” = 0 


Solve Quadratic Equations by Factoring 


In the following exercises, solve. 
Exercise: 


Problem: 5a? — 26a = 24 
Solution: 


a= —5/4,a=6 


Exercise: 


Problem: 4b? + 7b = —3 


Exercise: 


Problem: 4m? = 17m — 15 
Solution: 


m=5/4,m=3 


Exercise: 


Problem: n2 = 5 — 6n 


Exercise: 


Problem: 7a? + 14a = 7a 
Solution: 


a=-l,a=0 


Exercise: 


Problem: 126? — 15b = —9b 


Exercise: 


Problem: 49m? = 144 


Solution: 


m = 12/7,m = —12/7 


Exercise: 


Problem: 625 = 2? 


Exercise: 


Problem: 16y” = 81 
Solution: 


y= —9/4,y=9/4 


Exercise: 


Problem: 64p* = 225 
Exercise: 


Problem: 121n? = 36 


Solution: 
n= -6/l11,n=6/11 


Exercise: 


Problem: 100y” = 9 


Exercise: 


Problem: («x + 6) (x — 3) = 


Solution: 


z=2,7%=—-5 


Exercise: 


Problem: (p — 5)(p + 3) = —7 


Exercise: 


Problem: (22 + 1) (x — 3) = —4a 


Solution: 
e=3/2,¢=-1 


Exercise: 


Problem: (y — 3) (y+ 2) = 4y 


Exercise: 


Problem: (32 — 2) (z+ 4) = 12¢ 
Solution: 


e=3/2,2=—-1 


Exercise: 


Problem: (2y — 3) (3y — 1) = 8y 
Exercise: 
Problem: 202? — 602 = —45 


Solution: 


£=—2/3 


Exercise: 


Problem: 3y” — 18y = —27 


Exercise: 


Problem: 152? — 10z = 40 
Solution: 


e=2,¢ = —4/3 


Exercise: 


Problem: 14y? — 77y = —35 


Exercise: 


Problem: 18x? — 9 = —21z 


Solution: 


e=—3/2,¢=1/3 


Exercise: 


Problem: 16y? + 12 = —32z 


Exercise: 


Problem: 16p° = 24p? + 9p 


Solution: 

p=0,p=% 
Exercise: 

Problem: m? — 2m? = —m 
Exercise: 


Problem: 22° + 722 = 24x 


Solution: 
z=0,4=6 


Exercise: 


Problem: 3y° + 48y = 247 
Exercise: 
Problem: 362° + 24a? = —4x 
Solution: 
e=Oe= 1/3 
Exercise: 


Problem: 2y° + 2y” = 12y 


Solve Equations with Polynomial Functions 


In the following exercises, solve. 
Exercise: 


Problem: 


For the function, f (x) = x? — 82 + 8, @ find when f (x) = —4 © Use this information to find two points 
that lie on the graph of the function. 


Solution: 


@a =2orx =6 ©) (2, —4) (6, —4) 


Exercise: 


Problem: 


For the function, f (x) = x? + 11x” + 20, @ find when f (x) = —8 © Use this information to find two 
points that lie on the graph of the function. 

Exercise: 
Problem: 


For the function, f (x) = 8x? — 18x +5, (@) find when f (x) = —4 © Use this information to find two 
points that lie on the graph of the function. 


Solution: 


Exercise: 


Problem: 


For the function, f (x) = 182? + 15x — 10, ©@) find when f (x) = 15 ©) Use this information to find two 
points that lie on the graph of the function. 


In the following exercises, for each function, find: (@) the zeros of the function (©) the x-intercepts of the graph of 


the function © the y-intercept of the graph of the function. 
Exercise: 


Problem: f (xz) = 927 — 4 


Solution: 


Exercise: 


Problem: f (x) = 252? — 49 


Exercise: 


Problem: f (x) = 62? — 7x — 5 


Solution: 


Exercise: 
Problem: f (x) = 12x? — 11a + 2 


Solve Applications Modeled by Quadratic Equations 


In the following exercises, solve. 
Exercise: 


Problem: The product of two consecutive odd integers is 143. Find the integers. 
Solution: 


—13,—11 and 11, 13 


Exercise: 


Problem: The product of two consecutive odd integers is 195. Find the integers. 


Exercise: 


Problem: The product of two consecutive even integers is 168. Find the integers. 


Solution: 


—14, —12 and 12, 14 


Exercise: 


Problem: The product of two consecutive even integers is 288. Find the integers. 
Exercise: 
Problem: 


The area of a rectangular carpet is 28 square feet. The length is three feet more than the width. Find the length 
and the width of the carpet. 


Solution: 


—4and7 
Exercise: 
Problem: 
A rectangular retaining wall has area 15 square feet. The height of the wall is two feet less than its length. 
Find the height and the length of the wall. 
Exercise: 
Problem: 


The area of a bulletin board is 55 feet. The length is four feet less than three times the width. Find the length 
and the width of the a bulletin board. 


Solution: 


5, 11 
Exercise: 
Problem: 
A rectangular carport has area 150 square feet. The height of the carport is five feet less than twice its length. 
Find the height and the length of the carport. 


Exercise: 


Problem: 


A pennant is shaped like a right triangle, with hypotenuse 10 feet. The length of one side of the pennant is two 
feet longer than the length of the other side. Find the length of the two sides of the pennant. 


Solution: 


6, 8 
Exercise: 
Problem: 
A stained glass window is shaped like a right triangle. The hypotenuse is 15 feet. One leg is three more than 
the other. Find the lengths of the legs. 
Exercise: 
Problem: 
A reflecting pool is shaped like a right triangle, with one leg along the wall of a building. The hypotenuse is 9 


feet longer than the side along the building. The third side is 7 feet longer than the side along the building. 
Find the lengths of all three sides of the reflecting pool. 


Solution: 


8, 15, 17 
Exercise: 
Problem: 
A goat enclosure is in the shape of a right triangle. One leg of the enclosure is built against the side of the 


barn. The other leg is 4 feet more than the leg against the barn. The hypotenuse is 8 feet more than the leg 
along the barn. Find the three sides of the goat enclosure. 


Exercise: 
Problem: 


Juli is going to launch a model rocket in her back yard. When she launches the rocket, the function 
h(t) = —16t? + 32t models the height, h, of the rocket above the ground as a function of time, t. Find: 


(@) the zeros of this function which tells us when the penny will hit the ground. ©) the time the rocket will be 
16 feet above the ground. 


Solution: 


@0,201 
Exercise: 


Problem: 


Gianna is going to throw a ball from the top floor of her middle school. When she throws the ball from 48 feet 
above the ground, the function h (t) = —16t? + 32¢ + 48 models the height, h, of the ball above the ground 
as a function of time, t. Find: 


(a) the zeros of this function which tells us when the ball will hit the ground. (©) the time(s) the ball will be 48 
feet above the ground. (©) the height the ball will be at t = 1 seconds which is when the ball will be at its 
highest point. 


Writing Exercises 


Exercise: 


Problem: 


Explain how you solve a quadratic equation. How many answers do you expect to get for a quadratic 
equation? 


Solution: 


Answers will vary. 
Exercise: 


Problem: 


Give an example of a quadratic equation that has a GCF and none of the solutions to the equation is zero. 


Self Check 


(@) After completing the exercises, use this checklist to evaluate your mastery of the objectives of this section. 


solve quadratic equations by using 
the Zero Product Property. 


solve quadratic equations by 
factoring. 

solve applications modeled by 
quadratic equations. 


(©) Overall, after looking at the checklist, do you think you are well-prepared for the next section? Why or why 
not? 


Chapter Review Exercises 


Greatest Common Factor and Factor by Grouping 
Find the Greatest Common Factor of Two or More Expressions 


In the following exercises, find the greatest common factor. 
Exercise: 


Problem: 12a7b?, 15ab? 
Solution: 


3ab? 


Exercise: 


Problem: 12m?n°, 42m°n 


Exercise: 


Problem: 15°, 21y7, 30y 
Solution: 


3y 


Exercise: 
Problem: 452°y, 15xy, 10x°y? 


Factor the Greatest Common Factor from a Polynomial 


In the following exercises, factor the greatest common factor from each polynomial. 
Exercise: 


Problem: 35y + 84 


Solution: 


7(5y + 12) 


Exercise: 


Problem: 6y” + 12y — 6 


Exercise: 


Problem: 182° — 15z 


Solution: 


3a(627 — 5) 


Exercise: 


Problem: 15m* + 6m2n 


Exercise: 


Problem: 42° — 122? + 16z 


Solution: 


Axr(x? — 3x + 4) 


Exercise: 


Problem: —3z + 24 


Exercise: 


Problem: —32° + 27x? — 122 


Solution: 


—3x (a? — 9x + 4) 


Exercise: 
Problem: 32 (x — 1) + 5 (a —1) 


Factor by Grouping 


In the following exercises, factor by grouping. 
Exercise: 


Problem: az — ay + bx — by 
Solution: 


(a + b) (x —y) 


Exercise: 


Problem: x7y — xy” + 2x — 2y 
Exercise: 
Problem: x? + 7x — 3x — 21 


Solution: 


(a — 3) (« +7) 


Exercise: 


Problem: 42? — 16x + 3x — 12 


Exercise: 


Problem: m? + m?+m-+1 
Solution: 
(m? + 1)(m+ 1) 


Exercise: 


Problem: 5z — 5y—y+2 


Factor Trinomials 
Factor Trinomials of the Form x? + bz +c 


In the following exercises, factor each trinomial of the form x? + bx +c. 
Exercise: 


Problem: a? + 14a + 33 


Solution: 


(a+ 3)(a+11) 


Exercise: 


Problem: k? — 16k + 60 


Exercise: 


Problem: m? + 3m — 54 


Solution: 


(m + 9) (m — 6) 


Exercise: 
Problem: x? — 3x — 10 


In the following examples, factor each trinomial of the form 2? + bry + cy?. 
Exercise: 


Problem: x” + 12zy + 35y” 
Solution: 


(x + 5y) (x + Ty) 


Exercise: 


Problem: r? + 3rs — 28s? 


Exercise: 


Problem: a? + 4ab — 210? 


Solution: 


(a + 7b) (a — 3b) 


Exercise: 


Problem: p* — 5pq — 36q? 


Exercise: 


Problem: m? — 5mn + 30n? 
Solution: 


Prime 


Factor Trinomials of the Form az” + bz + c Using Trial and Error 


In the following exercises, factor completely using trial and error. 
Exercise: 


Problem: x° + 5a? — 24x 


Exercise: 


Problem: 3y° — 21y” + 30y 
Solution: 


3y(y — 5)(y — 2) 
Exercise: 


Problem: 524 + 10a? — 752? 


Exercise: 


Problem: 5y” + 14y + 9 


Solution: 


(5y + 9)(y+1) 


Exercise: 


Problem: 82? + 252 + 3 


Exercise: 


Problem: 10y? — 53y — 11 
Solution: 


(5y + 1) (2y — 11) 


Exercise: 


Problem: 6p? — 19pq + 10q? 


Exercise: 


Problem: — 81a’ + 153a + 18 
Solution: 


—9(9a — 1) (a+ 2) 


Factor Trinomials of the Form az? + bz + c using the ‘ac’ Method 


In the following exercises, factor. 
Exercise: 


Problem: 2x? + 92 + 4 


Exercise: 


Problem: 18a? — 9a + 1 


Solution: 


(3a — 1) (6a — 1) 


Exercise: 


Problem: 15p? + 2p — 8 
Exercise: 
Problem: 15a? + 6x — 2 


Solution: 
(3a — 1) (5x + 2) 


Exercise: 


Problem: 8a? + 32a + 24 


Exercise: 


Problem: 32x? + 3x — 36 


Solution: 
3 (a +4) (a — 3) 


Exercise: 


Problem: 48y” + 12y — 36 


Exercise: 


Problem: 18a? — 57a — 21 

Solution: 

3 (2a — 7) (3a+ 1) 
Exercise: 


Problem: 3n‘ — 12n? — 96n2 


Factor using substitution 


In the following exercises, factor using substitution. 
Exercise: 


Problem: x* — 13x? — 30 
Solution: 


(x? — 15)(x? + 2) 


Exercise: 


Problem: (a — 3)” — 5 (a — 3) — 36 


Factor Special Products 
Factor Perfect Square Trinomials 


In the following exercises, factor completely using the perfect square trinomials pattern. 
Exercise: 


Problem: 252? + 30z + 9 
Solution: 
(5a + 3) 


Exercise: 


Problem: 36a? — 84ab + 49b? 


Exercise: 


Problem: 402? + 360z + 810 
Solution: 
10(2a +9)? 


Exercise: 


Problem: 5k? — 70k? + 245k 


Exercise: 


Problem: 75u4 — 30u*v + 3u?v? 
Solution: 
3u2(5u — v)” 

Factor Differences of Squares 


In the following exercises, factor completely using the difference of squares pattern, if possible. 
Exercise: 


Problem: 8172 — 25 
Exercise: 
Problem: 169m? — n? 


Solution: 


(13m + n) (13m — n) 


Exercise: 


Problem: 25p? — 1 


Exercise: 


Problem: 9 — 121y’ 


Solution: 


(3 + 11y) (3 — 11y) 


Exercise: 


Problem: 20x? — 125 


Exercise: 


Problem: 169n? — n 


Solution: 
n(13n +1) (138 — 1) 


Exercise: 


Problem: 6p7q? — 54p” 
Exercise: 

Problem: 24p? + 54 

Solution: 

6 (4p + 9) 


Exercise: 


Problem: 49x? — 81y? 


Exercise: 


Problem: 1624 — 1 


Solution: 


(2z — 1)(2z + 1)(42? + 1) 


Exercise: 


Problem: 48m‘n? — 243n? 
Exercise: 
Problem: a? + 6a + 9 — 9b? 


Solution: 


(a +3 — 3b) (a +3 + 3b) 


Exercise: 


Problem: x? — 16x + 64 — 7? 


Factor Sums and Differences of Cubes 


In the following exercises, factor completely using the sums and differences of cubes pattern, if possible. 
Exercise: 


Problem: a? — 125 
Solution: 
(a — 5) (a? + 5a + 25) 


Exercise: 


Problem: b°? — 216 


Exercise: 


Problem: 2m° + 54 


Solution: 
2 (m + 3) (m? — 3m +9) 


Exercise: 


Problem: 81m° + 3 


General Strategy for Factoring Polynomials 
Recognize and Use the Appropriate Method to Factor a Polynomial Completely 


In the following exercises, factor completely. 
Exercise: 


Problem: 242° + 442? 
Solution: 


4a? (62 + 11) 


Exercise: 


Problem: 24a‘ — 9a? 


Exercise: 


Problem: 16n? — 56mn + 49m? 
Solution: 


(4n — 7m)? 


Exercise: 


Problem: 6a? — 25a — 9 


Exercise: 


Problem: 5u* — 45u2 
Solution: 


5u? (u +3) (u— 3) 


Exercise: 


Problem: n* — 81 


Exercise: 


Problem: 647? + 225 
Solution: 
prime 


Exercise: 


Problem: 52? + 5x — 60 


Exercise: 


Problem: b? — 64 
Solution: 


(b — 4) (0? + 4b + 16) 


Exercise: 


Problem: m°* + 125 


Exercise: 


Problem: 2b? — 2bc + 5cb — 5c? 


Solution: 


(2b + 5c) (b—c) 


Exercise: 


Problem: 482°y? — 243ay” 


Exercise: 


Problem: 5q” — 15q — 90 
Solution: 


5 (q+ 3) (q—- 6) 


Exercise: 


Problem: 4u5v + 4u2v? 


Exercise: 


Problem: 10m* — 6250 


Solution: 


10(m — 5) (m+ 5) (m? + 25) 


Exercise: 


Problem: 60x7y — 75xy + 30y 


Exercise: 


Problem: 16a? — 24xry + 9y° — 64 


Solution: 


(4a — 3y + 8) (4x — 3y — 8) 


Polynomial Equations 


Use the Zero Product Property 


In the following exercises, solve. 
Exercise: 


Problem: (a — 3) (a+ 7) =0 


Exercise: 


Problem: (5b + 1) (6b+1)=0 
Solution: 


b = —1/5,b = —1/6 


Exercise: 


Problem: 6m (12m — 5) = 0 


Exercise: 
Problem: (22 — 1)” = 0 


Solution: 


g=1/2 


Exercise: 


Problem: 3m (2m — 5) (m+ 6) =0 


Solve Quadratic Equations by Factoring 


In the following exercises, solve. 
Exercise: 


Problem: x? + 92 + 20 = 0 
Solution: 
x= —-4,4=—-5 


Exercise: 


Problem: 1” — y — 72 = 0 
Exercise: 

Problem: 2p” — 11p = 40 

Solution: 

p=—3,p=8 


Exercise: 


Problem: q° + 3q? + 2¢ = 0 


Exercise: 


Problem: 144m? — 25 = 0 


Solution: 


5 5 


m= TM = ~ TW 


Exercise: 


Problem: 4n? = 36 


Exercise: 


Problem: (« + 6) (z — 3) = —8 


Solution: 
e=2,%=-—-5 


Exercise: 


Problem: (3a — 2) (x + 4) = 12¢ 


Exercise: 


Problem: 16p? = 24p? + 9p 
Solution: 


p=0,p=% 


Exercise: 
Problem: 2y° + 2y” = 12y 


Solve Equations with Polynomial Functions 


In the following exercises, solve. 
Exercise: 


Problem: 


For the function, f (x) = x? + 112 + 20, @ find when f (x) = —8 ©) Use this information to find two 
points that lie on the graph of the function. 


Solution: 


@ae=-—T7org=—4 
© (2% —8) (—4, —8) 


Exercise: 


Problem: 


For the function, f (x) = 9x? — 18x + 5, @ find when f (z) = —3 ©) Use this information to find two 
points that lie on the graph of the function. 


In each function, find: @) the zeros of the function (©) the x-intercepts of the graph of the function ©) the y- 
intercept of the graph of the function. 
Exercise: 


Problem: f (x) = 64x? — 49 


Solution: 


Exercise: 
Problem: f (x) = 62” — 132 —5 


Solve Applications Modeled by Quadratic Equations 


In the following exercises, solve. 
Exercise: 


Problem: The product of two consecutive numbers is 399. Find the numbers. 
Solution: 


The numbers are —21 and —19 or 19 and 21. 


Exercise: 


Problem: 


The area of a rectangular shaped patio 432 square feet. The length of the patio is 6 feet more than its width. 
Find the length and width. 


Exercise: 


Problem: 


A ladder leans against the wall of a building. The length of the ladder is 9 feet longer than the distance of the 
bottom of the ladder from the building. The distance of the top of the ladder reaches up the side of the 
building is 7 feet longer than the distance of the bottom of the ladder from the building. Find the lengths of all 
three sides of the triangle formed by the ladder leaning against the building. 


Solution: 


The lengths are 8, 15, and 17 ft. 
Exercise: 


Problem: 


Shruti is going to throw a ball from the top of a cliff. When she throws the ball from 80 feet above the ground, 
the function h (t) = —16t? + 64¢ + 80 models the height, h, of the ball above the ground as a function of 
time, t. Find: @) the zeros of this function which tells us when the ball will hit the ground. (©) the time(s) the 
ball will be 80 feet above the ground. © the height the ball will be at t = 2 seconds which is when the ball 
will be at its highest point. 


Chapter Practice Test 


In the following exercises, factor completely. 
Exercise: 


Problem: 80a? + 120a? 


Solution: 


40a*(2 + 3a) 


Exercise: 


Problem: 5m (m — 1) + 3(m— 1) 
Exercise: 
Problem: «x? + 13z + 36 


Solution: 


(a + 7)(« +6) 


Exercise: 


Problem: p” + pq — 12q? 


Exercise: 


Problem: zy — 8y + 7x — 56 


Solution: 


(x — 8) (y+ 7) 


Exercise: 


Problem: 40r? + 810 


Exercise: 


Problem: 9s? — 12s + 4 
Solution: 
(3s — 2)? 


Exercise: 


Problem: 622 — 11x — 10 


Exercise: 


Problem: 32? — 75y” 


Solution: 


3 (x + 5y) (a — 5y) 


Exercise: 


Problem: 6u? + 3u — 18 


Exercise: 


Problem: x° + 125 


Solution: 


(a + 5) (x? — 5a + 25) 


Exercise: 


Problem: 322°” — 16227” 


Exercise: 


Problem: 624 — 19x? + 15 
Solution: 


(3a? — 5) (20? — 3) 


Exercise: 
Problem: 32° — 36x? + 108z 


In the following exercises, solve 


Exercise: 


Problem: 5a? + 26a = 24 
Solution: 


a= 4/5,a = —6 


Exercise: 


Problem: The product of two consecutive integers is 156. Find the integers. 
Exercise: 
Problem: 


The area of a rectangular place mat is 168 square inches. Its length is two inches longer than the width. Find 
the length and width of the placemat. 


Solution: 


The width is 12 inches and the length is 14 inches. 
Exercise: 
Problem: 
Jing is going to throw a ball from the balcony of her condo. When she throws the ball from 80 feet above the 
ground, the function h (t) = —16¢? + 64t + 80 models the height, h, of the ball above the ground as a 


function of time, t. Find: @) the zeros of this function which tells us when the ball will hit the ground. (6) the 
time(s) the ball will be 128 feet above the ground. (©) the height the ball will be at t = 4 seconds. 


Exercise: 


Problem: 


For the function, f (x) = x? — 7z + 5, @ find when f (x) = —7 (©) Use this information to find two points 
that lie on the graph of the function. 


Solution: 


@2« =3 ore = 4 © (3, —7) (4, —-7) 
Exercise: 


Problem: 


For the function f (x) = 25x? — 81, find: @) the zeros of the function (©) the x-intercepts of the graph of the 
function © the y-intercept of the graph of the function. 


Glossary 


degree of the polynomial equation 
The degree of the polynomial equation is the degree of the polynomial. 


polynomial equation 
A polynomial equation is an equation that contains a polynomial expression. 


quadratic equation 
Polynomial equations of degree two are called quadratic equations. 


zero of the function 
A value of x where the function is 0, is called a zero of the function. 


Zero Product Property 
The Zero Product Property says that if the product of two quantities is zero, then at least one of the quantities 
is zero. 


